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t. We seek a unified account of modularity for computationale↵ects. We begin by reformulating Moggi’s monadic paradigm for mod-elling computational e↵ects using the notion of enriched Lawvere theory,together with its relationship with strong monads; this emphasises theimportance of the operations that produce the e↵ects. E↵ects qua the-ories are then combined by appropriate bifunctors on the category oftheories. We give a theory for the sum of computational e↵ects, whichin particular yields Moggi’s exceptions monad transformer and an inter-active input/output monad transformer. We further give a theory of thecommutative combination of e↵ects, their tensor, which yields Moggi’sside-e↵ects monad transformer. Finally we give a theory of operationtransformers, for redefining operations when adding new e↵ects; we de-rive explicit forms for the operation transformers associated to the abovemonad transformers.

1 Introduction

We seek a unified account of modularity for computational e↵ects. More pre-cisely, we seek a mathematical theory that supports the combining of computa-tional e↵ects such as exceptions, side-e↵ects, interactive I/O (i.e., input/output),probabilistic nondeterminism, and nondeterminism. Ideally, we should like to de-velop natural mathematical operations for the combination of e↵ects, togetherwith associated relevant theory. There is more than one such operation: for ex-ample, as we shall see, the combination of side-e↵ects and nondeterminism is ofa di↵erent nature to the combination of I/O and non-determinism, and, again,one is sometimes interested in di↵erent ways to combine even the same pair of ef-fects, for example, side-e↵ects and exceptions. This paper is devoted to two suchways of combining e↵ects: their sum, which, as we shall see, may be employedfor combining both exceptions and interactive I/O with other e↵ects; and theircommutative combination, their tensor, which, as we shall see, may be employedfor combining side-e↵ects with other e↵ects.
? This work has been done with the support of EPSRC grants GR/M56333 andGR/S86372/01
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T ::= z | op(Ti)i

E ::=
�
Ti =T�

i
�

i
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signature

equational theory



v ::= x | ( ) | fun x �� c
c ::= ret v |do x� c1 in c2 | v1 v2 |

op(ci)i
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A ::= unit |A� C
C ::=A ! {opi}i
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computations

values



v ::= x | ( ) | fun x �� c
c ::= ret v |do x� c1 in c2 | v1 v2 |

op(ci)i
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A ::= unit |A� C
C ::=A ! {opi}i
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computation types

value types



computation typing

value typing

x1 : A1, . . . ,xn : An � v : A

x1 : A1, . . . ,xn : An � c : C
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(x : A) ��
�� x : A �� ( ) : unit

�,x : A� c : C
�� fun x �� c : A� C
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�� v1 : A� C �� v2 : A
�� v1 v2 : C

�� v : A
�� ret v : A !�
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�� c1 : A !� �,x : A� c2 : B !�

��do x� c1 in c2 : B !�
�
�� ci : A !�

�
i op ��

�� op(ci)i : A !�
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�� v =A v�

�� c =C c�
<latexit sha1_base64="bBnROcPhsh/9jTG/qn6qYTiYNGU="></latexit><latexit sha1_base64="bBnROcPhsh/9jTG/qn6qYTiYNGU="></latexit><latexit sha1_base64="bBnROcPhsh/9jTG/qn6qYTiYNGU="></latexit><latexit sha1_base64="bBnROcPhsh/9jTG/qn6qYTiYNGU="></latexit>



standard congruence equations

(T =T�) � Eglobal
�
ci : C

�
i

T[ci/zi]i =C T�[ci/zi]i
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x =unit ( )
(fun x �� c)v =C c[v/x]

fun x �� vx =A�C v
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do x� ret v in c =C c[v/x]

do x� op(ci)i in c
=C

op(do x� ci in c)i
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do x� c in ret x ?= c

do x1 � c1 in (do x2 � c2 in c)
?=

do x2 � (do x1 � c1 in c2) in c
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�v : A.�(ret v)

�
�ci : A !�.

�

i
�(ci)��(op(ci)i]op��

�c : A !�.�(c)
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�v : A.�(ret v)

�
�ci : A !�.

�

i
�(ci)��(op(ci)i]op��

�c : A !�.�(c)
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base case



�v : A.�(ret v)

�
�ci : A !�.

�

i
�(ci)��(op(ci)i]op��

�c : A !�.�(c)
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operation cases



for �= {� : 2,beep: 1}, we have:

do x� c in (c1 �c2)
=

(do x� c in c1)� (do x� c in c2)

do x� c1 in beep(c2)
=

beep(do x� c1 in c2)

do x1 � c1 in (do x2 � c2 in c)
=

do x2 � c2 in (do x1 � c1 in c)
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Abstract
We present a general theory of Gifford-style type and effect anno-tations, where effect annotations are sets of effects. Generality isachieved by recourse to the theory of algebraic effects, a develop-ment of Moggi’s monadic theory of computational effects that em-phasises the operations causing the effects at hand and their equa-tional theory. The key observation is that annotation effects can beidentified with operation symbols.

We develop an annotated version of Levy’s Call-by-Push-Valuelanguage with a kind of computations for every effect set; it canbe thought of as a sequential, annotated intermediate language.We develop a range of validated optimisations (i.e., equivalences),generalising many existing ones and adding new ones. We classifythese optimisations as structural, algebraic, or abstract: structuraloptimisations always hold; algebraic ones depend on the effecttheory at hand; and abstract ones depend on the global nature ofthat theory (we give modularly-checkable sufficient conditions fortheir validity).

Categories and Subject Descriptors D.3.4 [Processors]: Compil-ers; Optimization; F.3.1 [Specifying and Verifying and Reasoningabout Programs]: Logics of programs; F.3.2 [Semantics of Pro-gramming Languages]: Algebraic approaches to semantics; Deno-tational semantics; Program analysis; F.3.3 [Studies of ProgramConstructs]: Type structure

General Terms Languages, Theory.

Keywords Call-by-Push-Value, algebraic theory of effects, codetransformations, compiler optimisations, computational effects, de-notational semantics, domain theory, inequational logic, relevantand affine monads, sum and tensor, type and effect systems, uni-versal algebra.

1. Introduction
In Gifford-style type and effect analysis [27], each term of a pro-gramming language is assigned a type and an effect set. The typedescribes the values the term may evaluate to; the effect set de-scribes the effects the term may cause during its computation, suchas memory assignment, exception raising, or I/O.

For example, consider the following term M :

if true then x := 1 else x := deref(y)

[Copyright notice will appear here once ’preprint’ option is removed.]

It has unit type 1 as its sole purpose is to cause side effects;it has effect set {update, lookup}, as it might cause memoryupdates or look-ups. Type and effect systems commonly conveythis information via a type and effect judgement:

x : Loc, y : Loc ⊢M : 1 ! {update, lookup}
The information gathered by such effect analyses can be usedto guarantee implementation correctness1, to prove authenticityproperties [15], to aid resource management [44], or to optimisecode using transformations. We focus on the last of these. As anexample, purely functional code can be executed out of order:

x←M1; y←M2; N = y←M2; x←M1; N
This reordering holds more generally, if the terms M1 and M2 havenon-interfering effects. Such transformations are commonly used inoptimising compilers. They are traditionally called optimisations,even if neither side is always the more optimal.

In a sequence of papers, Benton et al. [4–8] prove soundness ofsuch optimisations for increasingly complex sets of effects. How-ever, any change in the language requires a complete reformulationof its semantics and so of the soundness proofs, even though theessential reasons for the validity of the optimisations remain thesame. Thus, this approach is not robust, as small language changescause global theory changes.
A possible way to obtain robustness is to study effect systemsin general. One would hope for a modular approach, seeking toisolate those parts of the theory that change under small languagechanges, and then recombining them with the unchanging parts.Such a theory may not only be important for compiler optimisationsin big, stable languages. It can also be used for effect-dependentequational reasoning. This use may be especially helpful in thecase of small, domain-specific languages, as optimising compilersare hardly ever designed for them and their diversity necessitatesproceeding modularly.

The only available general work on effect systems seems tobe that of Marino and Millstein [28]. They devise a methodologyto derive type and effect frameworks which they apply to a call-by-value language with recursion and references; however, theirmethodology does not account for effect-dependent optimisations.Fortunately, Wadler and Thiemann [46, 47] had previouslymade an important connection with the monadic approach tocomputational effects. They translated judgements of the formΓ ⊢M : A ! ε in a region analysis calculus to judgements of theform Γ′ ⊢M ′ : TεA in a multi-monadic calculus. They gave thelatter calculus an operational semantics, and conjectured the exis-tence of a corresponding general monadic denotational semanticsin which Tε would denote a monad corresponding to the effects inε, and in which the partial order of effect sets and inclusions would

1 E. Cooper, S. Lindley, P. Wadler, and J. Yallop. Links 0.5, 2009.http://groups.inf.ed.ac.uk/links .
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let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)
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fail



let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let goLeft = handler 
  choose k1 k2 8> k1 () 
in 
with goLeft handle
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let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let goRight = handler 
  choose k1 k2 8> k2 () 
in 
with goRight handle
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fail



let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let random = handler 
  choose k1 k2 8> 
    if randomFloat () > 0.5 
    then k1 () 
    else k2 () 
in 
with random handle
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fail



let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let random = handler 
  choose k1 k2 8> 
    if randomFloat () > 0.5 
    then k1 () 
    else k2 () 
in 
with random handle
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let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let random = handler 
  choose k1 k2 8> 
    if randomFloat () > 0.5 
    then k1 () 
    else k2 () 
in 
with random handle
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let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let random = handler 
  choose k1 k2 8> 
    if randomFloat () > 0.5 
    then k1 () 
    else k2 () 
in 
with random handle
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let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let pickMax = handler 
  choose k1 k2 8> 
    max (k1 ()) (k2 ()) 
in 
with pickMax handle
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let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let pickMax = handler 
  choose k1 k2 8> 
    max (k1 ()) (k2 ()) 
  fail 8> -inf 
in 
with pickMax handle

7
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beep

choose

choose

fail 3

beep

-∞

3
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let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let toList = handler 
  choose k1 k2 8> 
    k1 () ++ k2 () 
  fail 8> [] 
  beep k 8> k () 
  ret x 8> [x]  
in 
with toList handle
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choose

choose

fail [3]

beep

[ ]

[3]
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A ::= ·· · | C1 � C2
C ::= ·· ·
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v ::= ·· · |handler h
c ::= ·· · |with v handle c
h ::=

�
ret x �� c,

�
op j(ki)i �� c j

�
j
�
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values & computations

A ::= ·· · | C1 � C2
C ::= ·· ·
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v ::= ·· · |handler h
c ::= ·· · |with v handle c
h ::=

�
ret x �� c,

�
op j(ki)i �� c j

�
j
�
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computation types

value types

A ::= ·· · | C1 � C2
C ::= ·· ·
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v ::= ·· · |handler h
c ::= ·· · |with v handle c
h ::=

�
ret x �� c,

�
op j(ki)i �� c j

�
j
�
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handlers

A ::= ·· · | C1 � C2
C ::= ·· ·
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v ::= ·· · |handler h
c ::= ·· · |with v handle c
h ::=

�
ret x �� c,

�
op j(ki)i �� c j

�
j
�
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value & computation typing

�� v : A

�� c : C

�� h : A !���C
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handler typing



�� h : A !���C
��handler h : A !�� C

�� v : C1 � C2 �� c : C1

��with v handle c : C2
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�,x : A� c : C�
�, (ki : unit� C)i � c j : C

�
j

�� h : A ! {op j} j��C
<latexit sha1_base64="8qpZernJx/XPN0gTY1X1M6kAfn0="></latexit><latexit sha1_base64="8qpZernJx/XPN0gTY1X1M6kAfn0="></latexit><latexit sha1_base64="8qpZernJx/XPN0gTY1X1M6kAfn0="></latexit><latexit sha1_base64="8qpZernJx/XPN0gTY1X1M6kAfn0="></latexit>

h=
�
ret x �� c,

�
op j(ki)i �� c j

�
j
�

<latexit sha1_base64="OlyBazWwdhGGIutwXL8bfTaJJ6s="></latexit><latexit sha1_base64="OlyBazWwdhGGIutwXL8bfTaJJ6s="></latexit><latexit sha1_base64="OlyBazWwdhGGIutwXL8bfTaJJ6s="></latexit><latexit sha1_base64="OlyBazWwdhGGIutwXL8bfTaJJ6s="></latexit>



with h handle (ret v)
=

c[v/x]

with h handle (op j(c
�
i)i)

=
c j[fun ( ) �� (with h handle c�i)/ki]i

<latexit sha1_base64="7qvdqQoalZOgwBxg5X5XdZCjwnM="></latexit><latexit sha1_base64="7qvdqQoalZOgwBxg5X5XdZCjwnM="></latexit><latexit sha1_base64="7qvdqQoalZOgwBxg5X5XdZCjwnM="></latexit><latexit sha1_base64="7qvdqQoalZOgwBxg5X5XdZCjwnM="></latexit>

h=handler
�
ret x �� c,

�
op j(ki)i �� c j

�
j
�

<latexit sha1_base64="Zpeu4QIR+BeY0QuBEs/sKv3fQd4="></latexit><latexit sha1_base64="Zpeu4QIR+BeY0QuBEs/sKv3fQd4="></latexit><latexit sha1_base64="Zpeu4QIR+BeY0QuBEs/sKv3fQd4="></latexit><latexit sha1_base64="Zpeu4QIR+BeY0QuBEs/sKv3fQd4="></latexit>



ret 0
=with goLeft handle (ret 0�ret 1)
=with goLeft handle (ret 1�ret 0)
= ret 1

<latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit>



ret 0
=with goLeft handle (ret 0�ret 1)
=with goLeft handle (ret 1�ret 0)
= ret 1

<latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit>



ret 0
=with goLeft handle (ret 0�ret 1)
=with goLeft handle (ret 1�ret 0)
= ret 1

<latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit>



ret 0
=with goLeft handle (ret 0�ret 1)
=with goLeft handle (ret 1�ret 0)
= ret 1

<latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit>



ret 0
=with goLeft handle (ret 0�ret 1)
=with goLeft handle (ret 1�ret 0)
= ret 1

<latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit>

💩



�
Th

1 = Th
2
�
(T1=T2)�Eglobal

h is correct
<latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit><latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit><latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit><latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit>



h=
�
ret x �� c,

�
op j(ki)i �� c j

�
j
�

<latexit sha1_base64="OlyBazWwdhGGIutwXL8bfTaJJ6s="></latexit><latexit sha1_base64="OlyBazWwdhGGIutwXL8bfTaJJ6s="></latexit><latexit sha1_base64="OlyBazWwdhGGIutwXL8bfTaJJ6s="></latexit><latexit sha1_base64="OlyBazWwdhGGIutwXL8bfTaJJ6s="></latexit>

zh
j = f j : unit� C

op j(Ti)h
i = c j[(fun ( ) �� Th

i )/ki]i
<latexit sha1_base64="3NxldobJQk7ahJUxQYFgeP+4eZ8="></latexit><latexit sha1_base64="3NxldobJQk7ahJUxQYFgeP+4eZ8="></latexit><latexit sha1_base64="3NxldobJQk7ahJUxQYFgeP+4eZ8="></latexit><latexit sha1_base64="3NxldobJQk7ahJUxQYFgeP+4eZ8="></latexit>



z� z = z
<latexit sha1_base64="o2odBEawP13kxG3K2BNr2Tamd+4=">AAAB/HicdVDLSsNAFJ3UV62vqEs3wW5EpGRai+lCKLjpsoJ9QBPKZHobByeTkJkIbagf4Te4E7eiS/0L/8Y0ViGKZ3U459zLPdcNOZPKND+0wtLyyupacb20sbm1vaPv7nVlEEcUOjTgQdR3iQTOBHQUUxz6YQTEdzn03JuLud+7hUiyQFypSQiOTzzBxowSlUpD/cR2wWMi8Yi6huh4VpoadhDyWBpT49yYlmwQox9zqJfNCq5ZVu3USEm9gXF1ThrYqmMDV8wMZbRAe6i/2qOAxj4IRTmRcoDNUDkJiRSjHGYlO5YQEnpDPBikVBAfpJNkrXJmQnwpJ777R/TTy/IixJTwX5vV2HISJsJYgaD5+Dh9JIMok7NE4hMaBXLe9buQ8T/pVis4fcBltdxsLVoX0QE6REcIozPURC3URh1E0T16QW/oXbvTHrRH7ekrWtAWM/soB+35E9ZKl2E=</latexit><latexit sha1_base64="o2odBEawP13kxG3K2BNr2Tamd+4=">AAAB/HicdVDLSsNAFJ3UV62vqEs3wW5EpGRai+lCKLjpsoJ9QBPKZHobByeTkJkIbagf4Te4E7eiS/0L/8Y0ViGKZ3U459zLPdcNOZPKND+0wtLyyupacb20sbm1vaPv7nVlEEcUOjTgQdR3iQTOBHQUUxz6YQTEdzn03JuLud+7hUiyQFypSQiOTzzBxowSlUpD/cR2wWMi8Yi6huh4VpoadhDyWBpT49yYlmwQox9zqJfNCq5ZVu3USEm9gXF1ThrYqmMDV8wMZbRAe6i/2qOAxj4IRTmRcoDNUDkJiRSjHGYlO5YQEnpDPBikVBAfpJNkrXJmQnwpJ777R/TTy/IixJTwX5vV2HISJsJYgaD5+Dh9JIMok7NE4hMaBXLe9buQ8T/pVis4fcBltdxsLVoX0QE6REcIozPURC3URh1E0T16QW/oXbvTHrRH7ekrWtAWM/soB+35E9ZKl2E=</latexit><latexit sha1_base64="o2odBEawP13kxG3K2BNr2Tamd+4=">AAAB/HicdVDLSsNAFJ3UV62vqEs3wW5EpGRai+lCKLjpsoJ9QBPKZHobByeTkJkIbagf4Te4E7eiS/0L/8Y0ViGKZ3U459zLPdcNOZPKND+0wtLyyupacb20sbm1vaPv7nVlEEcUOjTgQdR3iQTOBHQUUxz6YQTEdzn03JuLud+7hUiyQFypSQiOTzzBxowSlUpD/cR2wWMi8Yi6huh4VpoadhDyWBpT49yYlmwQox9zqJfNCq5ZVu3USEm9gXF1ThrYqmMDV8wMZbRAe6i/2qOAxj4IRTmRcoDNUDkJiRSjHGYlO5YQEnpDPBikVBAfpJNkrXJmQnwpJ777R/TTy/IixJTwX5vV2HISJsJYgaD5+Dh9JIMok7NE4hMaBXLe9buQ8T/pVis4fcBltdxsLVoX0QE6REcIozPURC3URh1E0T16QW/oXbvTHrRH7ekrWtAWM/soB+35E9ZKl2E=</latexit><latexit sha1_base64="o2odBEawP13kxG3K2BNr2Tamd+4=">AAAB/HicdVDLSsNAFJ3UV62vqEs3wW5EpGRai+lCKLjpsoJ9QBPKZHobByeTkJkIbagf4Te4E7eiS/0L/8Y0ViGKZ3U459zLPdcNOZPKND+0wtLyyupacb20sbm1vaPv7nVlEEcUOjTgQdR3iQTOBHQUUxz6YQTEdzn03JuLud+7hUiyQFypSQiOTzzBxowSlUpD/cR2wWMi8Yi6huh4VpoadhDyWBpT49yYlmwQox9zqJfNCq5ZVu3USEm9gXF1ThrYqmMDV8wMZbRAe6i/2qOAxj4IRTmRcoDNUDkJiRSjHGYlO5YQEnpDPBikVBAfpJNkrXJmQnwpJ777R/TTy/IixJTwX5vV2HISJsJYgaD5+Dh9JIMok7NE4hMaBXLe9buQ8T/pVis4fcBltdxsLVoX0QE6REcIozPURC3URh1E0T16QW/oXbvTHrRH7ekrWtAWM/soB+35E9ZKl2E=</latexit>

z1 � z2
= z2 � z1

<latexit sha1_base64="kGLxsCdizk7JS8plmmMFAd7O8p0=">AAACFXicdVDLSsNAFJ3UV62vqks3wW5EsGRai+1CKIjQZQX7gCaEyfQ2Dk4mITMR29Dv8CP8AhfuxK24VH/G9CVE8azOnHPuZc51As6kMowPLbO0vLK6ll3PbWxube/kd/fa0o9CCi3qcz/sOkQCZwJaiikO3SAE4jkcOs7txcTv3EEomS+u1TAAyyOuYANGiUokO39pOuAyEbtE3UB4PM6NbKybfsAjqY/skm6avRMM99b57LUwcM4E0f+ZsvMFo4jL1Wr5VE9IpYZxaUJquFrBOi4aUxTQHE07/2T2fRp5IBTlRMoeNgJlxSRUjHIY58xIQkDoLXGhl1BBPJBWPK2bMmPiSTn0nD+il/wsLUJECf+1WQ2qVsxEECkQNB0fJBdmEE7laSL2CA19Oem6KKT/T9qlIk4OcFUq1Bvz1ll0gA7REcLoDNVRAzVRC1H0iN7RJ/rSHrRn7UV7nUUz2nxmH6WgvX0DAQOgkQ==</latexit><latexit sha1_base64="kGLxsCdizk7JS8plmmMFAd7O8p0=">AAACFXicdVDLSsNAFJ3UV62vqks3wW5EsGRai+1CKIjQZQX7gCaEyfQ2Dk4mITMR29Dv8CP8AhfuxK24VH/G9CVE8azOnHPuZc51As6kMowPLbO0vLK6ll3PbWxube/kd/fa0o9CCi3qcz/sOkQCZwJaiikO3SAE4jkcOs7txcTv3EEomS+u1TAAyyOuYANGiUokO39pOuAyEbtE3UB4PM6NbKybfsAjqY/skm6avRMM99b57LUwcM4E0f+ZsvMFo4jL1Wr5VE9IpYZxaUJquFrBOi4aUxTQHE07/2T2fRp5IBTlRMoeNgJlxSRUjHIY58xIQkDoLXGhl1BBPJBWPK2bMmPiSTn0nD+il/wsLUJECf+1WQ2qVsxEECkQNB0fJBdmEE7laSL2CA19Oem6KKT/T9qlIk4OcFUq1Bvz1ll0gA7REcLoDNVRAzVRC1H0iN7RJ/rSHrRn7UV7nUUz2nxmH6WgvX0DAQOgkQ==</latexit><latexit sha1_base64="kGLxsCdizk7JS8plmmMFAd7O8p0=">AAACFXicdVDLSsNAFJ3UV62vqks3wW5EsGRai+1CKIjQZQX7gCaEyfQ2Dk4mITMR29Dv8CP8AhfuxK24VH/G9CVE8azOnHPuZc51As6kMowPLbO0vLK6ll3PbWxube/kd/fa0o9CCi3qcz/sOkQCZwJaiikO3SAE4jkcOs7txcTv3EEomS+u1TAAyyOuYANGiUokO39pOuAyEbtE3UB4PM6NbKybfsAjqY/skm6avRMM99b57LUwcM4E0f+ZsvMFo4jL1Wr5VE9IpYZxaUJquFrBOi4aUxTQHE07/2T2fRp5IBTlRMoeNgJlxSRUjHIY58xIQkDoLXGhl1BBPJBWPK2bMmPiSTn0nD+il/wsLUJECf+1WQ2qVsxEECkQNB0fJBdmEE7laSL2CA19Oem6KKT/T9qlIk4OcFUq1Bvz1ll0gA7REcLoDNVRAzVRC1H0iN7RJ/rSHrRn7UV7nUUz2nxmH6WgvX0DAQOgkQ==</latexit><latexit sha1_base64="kGLxsCdizk7JS8plmmMFAd7O8p0=">AAACFXicdVDLSsNAFJ3UV62vqks3wW5EsGRai+1CKIjQZQX7gCaEyfQ2Dk4mITMR29Dv8CP8AhfuxK24VH/G9CVE8azOnHPuZc51As6kMowPLbO0vLK6ll3PbWxube/kd/fa0o9CCi3qcz/sOkQCZwJaiikO3SAE4jkcOs7txcTv3EEomS+u1TAAyyOuYANGiUokO39pOuAyEbtE3UB4PM6NbKybfsAjqY/skm6avRMM99b57LUwcM4E0f+ZsvMFo4jL1Wr5VE9IpYZxaUJquFrBOi4aUxTQHE07/2T2fRp5IBTlRMoeNgJlxSRUjHIY58xIQkDoLXGhl1BBPJBWPK2bMmPiSTn0nD+il/wsLUJECf+1WQ2qVsxEECkQNB0fJBdmEE7laSL2CA19Oem6KKT/T9qlIk4OcFUq1Bvz1ll0gA7REcLoDNVRAzVRC1H0iN7RJ/rSHrRn7UV7nUUz2nxmH6WgvX0DAQOgkQ==</latexit>

(z1 � z2)� z3
= z1 � (z2 � z3)

<latexit sha1_base64="5IJkbXAT/l2ydpWDG4SF9nEtuV8=">AAACL3icdVBNS8NAFNz4WetX1aOXYC9WsGRTi+lBKHjpUcHaQhPCZn2ti5tNyG7ENvRHefQH+BvEi3gVr3o3rVUbxTkN8+Y93owXciaVYTxqM7Nz8wuLuaX88srq2nphY/NcBnFEoUkDHkRtj0jgTEBTMcWhHUZAfI9Dy7s6Hs1b1xBJFogz1Q/B8UlPsC6jRKWSW3BtD3pMJD2iLiHaG+Z3By7W7SDksdQHrln64RXdtjv7GG6cI33KlC6YU6ZS3gZx8X3PLRSNMq5YVuVAT0m1hrE5IjVsVbGOy8YYRTTBiVu4sy8CGvsgFOVEyg42QuUkJFKMchjm7VhCSOgV6UEnpYL4IJ1kXERmmBBfyr7v/RH99LOsCDEl/Ndl1bWchIkwViBo1t5Nu2cQjeWxI/EJjQI5yvoVSP+fnJtlnBZwahbrjUnqHNpGO2gXYXSI6qiBTlATUXSPXtEbetdutQftSXv+tM5ok50tlIH28gFrl6nt</latexit><latexit sha1_base64="5IJkbXAT/l2ydpWDG4SF9nEtuV8=">AAACL3icdVBNS8NAFNz4WetX1aOXYC9WsGRTi+lBKHjpUcHaQhPCZn2ti5tNyG7ENvRHefQH+BvEi3gVr3o3rVUbxTkN8+Y93owXciaVYTxqM7Nz8wuLuaX88srq2nphY/NcBnFEoUkDHkRtj0jgTEBTMcWhHUZAfI9Dy7s6Hs1b1xBJFogz1Q/B8UlPsC6jRKWSW3BtD3pMJD2iLiHaG+Z3By7W7SDksdQHrln64RXdtjv7GG6cI33KlC6YU6ZS3gZx8X3PLRSNMq5YVuVAT0m1hrE5IjVsVbGOy8YYRTTBiVu4sy8CGvsgFOVEyg42QuUkJFKMchjm7VhCSOgV6UEnpYL4IJ1kXERmmBBfyr7v/RH99LOsCDEl/Ndl1bWchIkwViBo1t5Nu2cQjeWxI/EJjQI5yvoVSP+fnJtlnBZwahbrjUnqHNpGO2gXYXSI6qiBTlATUXSPXtEbetdutQftSXv+tM5ok50tlIH28gFrl6nt</latexit><latexit sha1_base64="5IJkbXAT/l2ydpWDG4SF9nEtuV8=">AAACL3icdVBNS8NAFNz4WetX1aOXYC9WsGRTi+lBKHjpUcHaQhPCZn2ti5tNyG7ENvRHefQH+BvEi3gVr3o3rVUbxTkN8+Y93owXciaVYTxqM7Nz8wuLuaX88srq2nphY/NcBnFEoUkDHkRtj0jgTEBTMcWhHUZAfI9Dy7s6Hs1b1xBJFogz1Q/B8UlPsC6jRKWSW3BtD3pMJD2iLiHaG+Z3By7W7SDksdQHrln64RXdtjv7GG6cI33KlC6YU6ZS3gZx8X3PLRSNMq5YVuVAT0m1hrE5IjVsVbGOy8YYRTTBiVu4sy8CGvsgFOVEyg42QuUkJFKMchjm7VhCSOgV6UEnpYL4IJ1kXERmmBBfyr7v/RH99LOsCDEl/Ndl1bWchIkwViBo1t5Nu2cQjeWxI/EJjQI5yvoVSP+fnJtlnBZwahbrjUnqHNpGO2gXYXSI6qiBTlATUXSPXtEbetdutQftSXv+tM5ok50tlIH28gFrl6nt</latexit><latexit sha1_base64="5IJkbXAT/l2ydpWDG4SF9nEtuV8=">AAACL3icdVBNS8NAFNz4WetX1aOXYC9WsGRTi+lBKHjpUcHaQhPCZn2ti5tNyG7ENvRHefQH+BvEi3gVr3o3rVUbxTkN8+Y93owXciaVYTxqM7Nz8wuLuaX88srq2nphY/NcBnFEoUkDHkRtj0jgTEBTMcWhHUZAfI9Dy7s6Hs1b1xBJFogz1Q/B8UlPsC6jRKWSW3BtD3pMJD2iLiHaG+Z3By7W7SDksdQHrln64RXdtjv7GG6cI33KlC6YU6ZS3gZx8X3PLRSNMq5YVuVAT0m1hrE5IjVsVbGOy8YYRTTBiVu4sy8CGvsgFOVEyg42QuUkJFKMchjm7VhCSOgV6UEnpYL4IJ1kXERmmBBfyr7v/RH99LOsCDEl/Ndl1bWchIkwViBo1t5Nu2cQjeWxI/EJjQI5yvoVSP+fnJtlnBZwahbrjUnqHNpGO2gXYXSI6qiBTlATUXSPXtEbetdutQftSXv+tM5ok50tlIH28gFrl6nt</latexit>

beep(z1)�beep(z2)
= beep(z1 � z2)

<latexit sha1_base64="UjX2lj48zgIAKeAZI3DgOK3oYp8=">AAACQnicdVFNSwMxEE38aq1fVY9eFnupgmXTWmwPQsFLjwpWC92lZOO0BpPskmTFuvSHefdH6F/wJl5F3K1VqOKcHu+9ycybBJHgxrruM56bX1hcyuWXCyura+sbxc2tCxPGmkGHhSLU3YAaEFxBx3IroBtpoDIQcBncnGT65S1ow0N1bkcR+JIOFR9wRm1K9YvaC2DIVTKk9hr0/rjgyRRpmQQA0bh83yd7jhdGIjbOb6WaKl7vgMCdf/xHJN9dma/ggbr6GdEvltwKqTUatUMnBfUmIdUMNEmjThxScSdVQtM67RcfvKuQxRKUZYIa0yNuZP2EasuZgHTl2EBE2Q0dQi+FikowfjK5zYyYUGnMSAZ/yGz3WRJiRsWvl+2g4SdcRbEFxWbtg/Q7OOgJPXEkkjIdmizrdyDnf3BRrZD0AGfVUqs9TZ1HO2gXlRFBR6iF2ugUdRBDT+gD53AeP+IX/IrfvqxzeNqzjWYKv38CAGKxsw==</latexit><latexit sha1_base64="UjX2lj48zgIAKeAZI3DgOK3oYp8=">AAACQnicdVFNSwMxEE38aq1fVY9eFnupgmXTWmwPQsFLjwpWC92lZOO0BpPskmTFuvSHefdH6F/wJl5F3K1VqOKcHu+9ycybBJHgxrruM56bX1hcyuWXCyura+sbxc2tCxPGmkGHhSLU3YAaEFxBx3IroBtpoDIQcBncnGT65S1ow0N1bkcR+JIOFR9wRm1K9YvaC2DIVTKk9hr0/rjgyRRpmQQA0bh83yd7jhdGIjbOb6WaKl7vgMCdf/xHJN9dma/ggbr6GdEvltwKqTUatUMnBfUmIdUMNEmjThxScSdVQtM67RcfvKuQxRKUZYIa0yNuZP2EasuZgHTl2EBE2Q0dQi+FikowfjK5zYyYUGnMSAZ/yGz3WRJiRsWvl+2g4SdcRbEFxWbtg/Q7OOgJPXEkkjIdmizrdyDnf3BRrZD0AGfVUqs9TZ1HO2gXlRFBR6iF2ugUdRBDT+gD53AeP+IX/IrfvqxzeNqzjWYKv38CAGKxsw==</latexit><latexit sha1_base64="UjX2lj48zgIAKeAZI3DgOK3oYp8=">AAACQnicdVFNSwMxEE38aq1fVY9eFnupgmXTWmwPQsFLjwpWC92lZOO0BpPskmTFuvSHefdH6F/wJl5F3K1VqOKcHu+9ycybBJHgxrruM56bX1hcyuWXCyura+sbxc2tCxPGmkGHhSLU3YAaEFxBx3IroBtpoDIQcBncnGT65S1ow0N1bkcR+JIOFR9wRm1K9YvaC2DIVTKk9hr0/rjgyRRpmQQA0bh83yd7jhdGIjbOb6WaKl7vgMCdf/xHJN9dma/ggbr6GdEvltwKqTUatUMnBfUmIdUMNEmjThxScSdVQtM67RcfvKuQxRKUZYIa0yNuZP2EasuZgHTl2EBE2Q0dQi+FikowfjK5zYyYUGnMSAZ/yGz3WRJiRsWvl+2g4SdcRbEFxWbtg/Q7OOgJPXEkkjIdmizrdyDnf3BRrZD0AGfVUqs9TZ1HO2gXlRFBR6iF2ugUdRBDT+gD53AeP+IX/IrfvqxzeNqzjWYKv38CAGKxsw==</latexit><latexit sha1_base64="UjX2lj48zgIAKeAZI3DgOK3oYp8=">AAACQnicdVFNSwMxEE38aq1fVY9eFnupgmXTWmwPQsFLjwpWC92lZOO0BpPskmTFuvSHefdH6F/wJl5F3K1VqOKcHu+9ycybBJHgxrruM56bX1hcyuWXCyura+sbxc2tCxPGmkGHhSLU3YAaEFxBx3IroBtpoDIQcBncnGT65S1ow0N1bkcR+JIOFR9wRm1K9YvaC2DIVTKk9hr0/rjgyRRpmQQA0bh83yd7jhdGIjbOb6WaKl7vgMCdf/xHJN9dma/ggbr6GdEvltwKqTUatUMnBfUmIdUMNEmjThxScSdVQtM67RcfvKuQxRKUZYIa0yNuZP2EasuZgHTl2EBE2Q0dQi+FikowfjK5zYyYUGnMSAZ/yGz3WRJiRsWvl+2g4SdcRbEFxWbtg/Q7OOgJPXEkkjIdmizrdyDnf3BRrZD0AGfVUqs9TZ1HO2gXlRFBR6iF2ugUdRBDT+gD53AeP+IX/IrfvqxzeNqzjWYKv38CAGKxsw==</latexit>

fail()� fail()
= fail()

<latexit sha1_base64="3d8Y0Jdha/eN7Cv8wTGMKeaLTm0=">AAACLnicdVC7SgNBFJ2NrxhfUUubxTQqGHYSg0khBGxSRjAPyK5hdnITh8zMLjOzYljyT7b2foNgIbZiqx/gJkYhiqc6nHPu5Z7rh5xp4zhPVmphcWl5Jb2aWVvf2NzKbu80dRApCg0a8EC1faKBMwkNwwyHdqiACJ9Dyx+eT/zWDSjNAnlpRiF4ggwk6zNKTCJ1s1euDwMm4wEx16COxhlXJEyJuE8YHx8c2m4Q8kjbf2S3c4zh1jv77WRckL2fdd1szsnjYrlcPLETUqpgXJiQCi6XsI3zzhQ5NEO9m713ewGNBEhDOdG6g53QeDFRhlEOyXmRhpDQIRlAJ6GSCNBePP3DnBkTofVI+H/EybXzIkSU8F+bTb/sxUyGkQFJ5+P95PUM1FSeJmJBqAr0pOt3Ift/0izkcfKAi0KuWpu1TqM9tI8OEEanqIpqqI4aiKIH9Ibe0Yd1Zz1az9bLVzRlzWZ20Rys10+Lnqvw</latexit><latexit sha1_base64="3d8Y0Jdha/eN7Cv8wTGMKeaLTm0=">AAACLnicdVC7SgNBFJ2NrxhfUUubxTQqGHYSg0khBGxSRjAPyK5hdnITh8zMLjOzYljyT7b2foNgIbZiqx/gJkYhiqc6nHPu5Z7rh5xp4zhPVmphcWl5Jb2aWVvf2NzKbu80dRApCg0a8EC1faKBMwkNwwyHdqiACJ9Dyx+eT/zWDSjNAnlpRiF4ggwk6zNKTCJ1s1euDwMm4wEx16COxhlXJEyJuE8YHx8c2m4Q8kjbf2S3c4zh1jv77WRckL2fdd1szsnjYrlcPLETUqpgXJiQCi6XsI3zzhQ5NEO9m713ewGNBEhDOdG6g53QeDFRhlEOyXmRhpDQIRlAJ6GSCNBePP3DnBkTofVI+H/EybXzIkSU8F+bTb/sxUyGkQFJ5+P95PUM1FSeJmJBqAr0pOt3Ift/0izkcfKAi0KuWpu1TqM9tI8OEEanqIpqqI4aiKIH9Ibe0Yd1Zz1az9bLVzRlzWZ20Rys10+Lnqvw</latexit><latexit sha1_base64="3d8Y0Jdha/eN7Cv8wTGMKeaLTm0=">AAACLnicdVC7SgNBFJ2NrxhfUUubxTQqGHYSg0khBGxSRjAPyK5hdnITh8zMLjOzYljyT7b2foNgIbZiqx/gJkYhiqc6nHPu5Z7rh5xp4zhPVmphcWl5Jb2aWVvf2NzKbu80dRApCg0a8EC1faKBMwkNwwyHdqiACJ9Dyx+eT/zWDSjNAnlpRiF4ggwk6zNKTCJ1s1euDwMm4wEx16COxhlXJEyJuE8YHx8c2m4Q8kjbf2S3c4zh1jv77WRckL2fdd1szsnjYrlcPLETUqpgXJiQCi6XsI3zzhQ5NEO9m713ewGNBEhDOdG6g53QeDFRhlEOyXmRhpDQIRlAJ6GSCNBePP3DnBkTofVI+H/EybXzIkSU8F+bTb/sxUyGkQFJ5+P95PUM1FSeJmJBqAr0pOt3Ift/0izkcfKAi0KuWpu1TqM9tI8OEEanqIpqqI4aiKIH9Ibe0Yd1Zz1az9bLVzRlzWZ20Rys10+Lnqvw</latexit><latexit sha1_base64="3d8Y0Jdha/eN7Cv8wTGMKeaLTm0=">AAACLnicdVC7SgNBFJ2NrxhfUUubxTQqGHYSg0khBGxSRjAPyK5hdnITh8zMLjOzYljyT7b2foNgIbZiqx/gJkYhiqc6nHPu5Z7rh5xp4zhPVmphcWl5Jb2aWVvf2NzKbu80dRApCg0a8EC1faKBMwkNwwyHdqiACJ9Dyx+eT/zWDSjNAnlpRiF4ggwk6zNKTCJ1s1euDwMm4wEx16COxhlXJEyJuE8YHx8c2m4Q8kjbf2S3c4zh1jv77WRckL2fdd1szsnjYrlcPLETUqpgXJiQCi6XsI3zzhQ5NEO9m713ewGNBEhDOdG6g53QeDFRhlEOyXmRhpDQIRlAJ6GSCNBePP3DnBkTofVI+H/EybXzIkSU8F+bTb/sxUyGkQFJ5+P95PUM1FSeJmJBqAr0pOt3Ift/0izkcfKAi0KuWpu1TqM9tI8OEEanqIpqqI4aiKIH9Ibe0Yd1Zz1az9bLVzRlzWZ20Rys10+Lnqvw</latexit>

goLeft 
goRight random pickMax toList toSet

✔ ✔ ✔ ✘ ✔

✘ ✔ ✔ ✘ ✔

✔ ✘ ✔ ✔ ✔

✔ ✔ ✘ ✘ ✘

✔ ✔ ✔ ✔ ✔



� : 2 beep: 1 fail : 0
<latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit>

signature

equational theory

z� z = z
z1 � z2 = z2 � z1

(z1 � z2)� z3 = z1 � (z2 � z3)
beep(z1)�beep(z2)= beep(z1 � z2)

fail()� fail()= fail()
<latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit><latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit><latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit><latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit>
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signature

equational theory
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Abstract. We present an e↵ect system for core E↵, a simplified variant of E↵ , which isan ML-style programming language with first-class algebraic e↵ects and handlers. We de-fine an expressive e↵ect system and prove safety of operational semantics with respect to it.Then we give a domain-theoretic denotational semantics of core E↵ , using Pitts’s theoryof minimal invariant relations, and prove it adequate. We use this fact to develop toolsfor finding useful contextual equivalences, including an induction principle. To demon-strate their usefulness, we use these tools to derive the usual equations for mutable state,including a general commutativity law for computations using non-interfering references.We have formalized the e↵ect system, the operational semantics, and the safety theoremin Twelf.

1. Introduction
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te

m supplements a traditional type system for a programming language withinformation about which computational e↵ects may, will, or will not happen when a piece ofcode is executed. A well designed and solidly implemented e↵ect system helps programmersunderstand source code, find mistakes, as well as safely rearrange, optimize, and parallelizecode [11, 8]. As many before us [11, 24, 25, 7] we take on the task of striking just the rightbalance between simplicity and expressiveness by devising an e↵ect system for
E

↵ [2], anML-style programming language with first-class algebraic e↵ects [17, 15] and handlers [19].Our e↵ect system is
d
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tiv

e in the sense that it provides information about pos-sible computational e↵ects but it does not prescribe them. In contrast, Haskell’s monads
p

re

s

c

r

ib

e the possible e↵ects by wrapping types into computational monads. In the imple-mentation we envision e↵ect inference which never fails, although in some cases it may beuninformative. Of course, typing errors are still errors.
An important feature of our e↵ect system is

n
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n

-m

o

n

o

to

n
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ity : it detects the fact thata handler removes some e↵ects. For instance, a piece of code which uses mutable state isdetermined to actually be pure when wrapped by a handler that handles away lookups andupdates.
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Hmax[c] def= with pickMax handle c

Hmax
�
do x� c in (c1 �c2)

�

=
Hmax

�
(do x� c in c1)� (do x� c in c2)

�

Hmax
�
do x1 � c1 in (do x2 � c2 in c)

�

=
Hmax

�
do x2 � c2 in (do x1 � c1 in c)

�
<latexit sha1_base64="EL98J+NSaPqLUcwKVbp00y5jcOw="></latexit><latexit sha1_base64="EL98J+NSaPqLUcwKVbp00y5jcOw="></latexit><latexit sha1_base64="EL98J+NSaPqLUcwKVbp00y5jcOw="></latexit><latexit sha1_base64="EL98J+NSaPqLUcwKVbp00y5jcOw="></latexit>



MAKE EQUATIONS 
GREAT AGAIN!

#mega



values & computations

computation types

value types

handlers

v ::= ·· ·
c ::= ·· ·
h ::= ·· ·

<latexit sha1_base64="dKIk6vaN67cn81bB/9GHLpOVZ+c="></latexit><latexit sha1_base64="dKIk6vaN67cn81bB/9GHLpOVZ+c="></latexit><latexit sha1_base64="dKIk6vaN67cn81bB/9GHLpOVZ+c="></latexit><latexit sha1_base64="dKIk6vaN67cn81bB/9GHLpOVZ+c="></latexit>

A ::= ·· ·
C ::= A !� / E

<latexit sha1_base64="yoow/T3lH6+liz4CNVkLtCRjCLc="></latexit><latexit sha1_base64="yoow/T3lH6+liz4CNVkLtCRjCLc="></latexit><latexit sha1_base64="yoow/T3lH6+liz4CNVkLtCRjCLc="></latexit><latexit sha1_base64="yoow/T3lH6+liz4CNVkLtCRjCLc="></latexit>



�
Th

1 = Th
2
�
(T1=T2)�Eglobal

h is correct
<latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit><latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit><latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit><latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit>



�
Th

1 = Th
2
�
(T1=T2)�E

h respects E
<latexit sha1_base64="ZPRKUZVvLQ8Q+iQf3pbg3zzrF+0="></latexit><latexit sha1_base64="ZPRKUZVvLQ8Q+iQf3pbg3zzrF+0="></latexit><latexit sha1_base64="ZPRKUZVvLQ8Q+iQf3pbg3zzrF+0="></latexit><latexit sha1_base64="ZPRKUZVvLQ8Q+iQf3pbg3zzrF+0="></latexit>



�� h : A !���C
h respects E

��handler h : A !� / E � C
<latexit sha1_base64="MG4+6Jyodk8UYFy23WsE3r6ibkM="></latexit><latexit sha1_base64="MG4+6Jyodk8UYFy23WsE3r6ibkM="></latexit><latexit sha1_base64="MG4+6Jyodk8UYFy23WsE3r6ibkM="></latexit><latexit sha1_base64="MG4+6Jyodk8UYFy23WsE3r6ibkM="></latexit>



�� v : A
�� ret v : A !� / E

�� c1 : A !� / E �,x : A� c2 : B !� / E

��do x� c1 in c2 : B !� / E
�
�� ci : A !�

�
i op ��

�� op(ci)i : A !� / E
<latexit sha1_base64="eUVQgzn290OW52z6llfq/Bm1MCs="></latexit><latexit sha1_base64="eUVQgzn290OW52z6llfq/Bm1MCs="></latexit><latexit sha1_base64="eUVQgzn290OW52z6llfq/Bm1MCs="></latexit><latexit sha1_base64="eUVQgzn290OW52z6llfq/Bm1MCs="></latexit>



(T =T�) � E
�
ci : A !� / E

�
i

T[ci/zi]i =A!�/E T�[ci/zi]i
<latexit sha1_base64="ZsWB2nY/CAoE3t/TTgncWaaWw48="></latexit><latexit sha1_base64="ZsWB2nY/CAoE3t/TTgncWaaWw48="></latexit><latexit sha1_base64="ZsWB2nY/CAoE3t/TTgncWaaWw48="></latexit><latexit sha1_base64="ZsWB2nY/CAoE3t/TTgncWaaWw48="></latexit>



Hrand[c] def= with random handle c

H list[c] def= with toList handle c

do x �Hrand[c2 � c1] in
do xs �H list[c1 � (c2 � c3)] in
ret (x � xs)

=
ret true

<latexit sha1_base64="w+qGUQTQ7IuQaQ6YEiNLhTIck6M=">AAADw3iclVJNj9MwEHVTPpbysV04comohLpIVHVLRfew0iKEtAcORaK7KzVR5LjT1KrjBNthu7L8IznCr8FJG1AWODCXTGbee/Nm5DjnTOnh8HvLa9+5e+/+wYPOw0ePnxx2j55eqKyQFOY045m8iokCzgTMNdMcrnIJJI05XMab92X/8itIxTLxWd/kEKYkEWzFKNGuFB21fgQCrmmWpkQsTbCW7mNNkBK9poSbcxuZQMNWm6 phbacJLx3+FV41SngMCRMmcQCQr9x/NWFBQz9QmtCNBL5nLGFlrTm1fnDN9HrtUBx2yjKtpmep61PXDzq7wf+torOPla2dygIPJrANa4uEs0TA0nZ8Fy+DZRYzt+LWmtpyNPKDLOeF8mmEQ2sqJ02wsqa2FuEa3W8wx8dNqgRdSGH6Wz9gwt+qY3cjcFq/7Dijr3dOT3+nnZpXrRavjJYF2D21PnbU7Q0HeDydjt/4LpmcYDwqkxM8nWAfD4ZV9NA+ZlH3m9uEFikITTlRaoGHuQ4NkZpRDk69UJC7c5MEFi4VJAUVmuoRNpqGpErdpPEfxdJsswiFeze3lPVqGhom8kKDoE34yr17BvJ2udTNS5ulj4rpSlRmqrxBvaj/7+RiNMDuMJ9GvbPZ/hoH6Dl6gfoIo7foDJ2jGZoj6r3zEi/3vrQ/tDdt2dY7qNfac56hRrTtT6qQQ0M=</latexit><latexit sha1_base64="w+qGUQTQ7IuQaQ6YEiNLhTIck6M=">AAADw3iclVJNj9MwEHVTPpbysV04comohLpIVHVLRfew0iKEtAcORaK7KzVR5LjT1KrjBNthu7L8IznCr8FJG1AWODCXTGbee/Nm5DjnTOnh8HvLa9+5e+/+wYPOw0ePnxx2j55eqKyQFOY045m8iokCzgTMNdMcrnIJJI05XMab92X/8itIxTLxWd/kEKYkEWzFKNGuFB21fgQCrmmWpkQsTbCW7mNNkBK9poSbcxuZQMNWm6 phbacJLx3+FV41SngMCRMmcQCQr9x/NWFBQz9QmtCNBL5nLGFlrTm1fnDN9HrtUBx2yjKtpmep61PXDzq7wf+torOPla2dygIPJrANa4uEs0TA0nZ8Fy+DZRYzt+LWmtpyNPKDLOeF8mmEQ2sqJ02wsqa2FuEa3W8wx8dNqgRdSGH6Wz9gwt+qY3cjcFq/7Dijr3dOT3+nnZpXrRavjJYF2D21PnbU7Q0HeDydjt/4LpmcYDwqkxM8nWAfD4ZV9NA+ZlH3m9uEFikITTlRaoGHuQ4NkZpRDk69UJC7c5MEFi4VJAUVmuoRNpqGpErdpPEfxdJsswiFeze3lPVqGhom8kKDoE34yr17BvJ2udTNS5ulj4rpSlRmqrxBvaj/7+RiNMDuMJ9GvbPZ/hoH6Dl6gfoIo7foDJ2jGZoj6r3zEi/3vrQ/tDdt2dY7qNfac56hRrTtT6qQQ0M=</latexit><latexit sha1_base64="w+qGUQTQ7IuQaQ6YEiNLhTIck6M=">AAADw3iclVJNj9MwEHVTPpbysV04comohLpIVHVLRfew0iKEtAcORaK7KzVR5LjT1KrjBNthu7L8IznCr8FJG1AWODCXTGbee/Nm5DjnTOnh8HvLa9+5e+/+wYPOw0ePnxx2j55eqKyQFOY045m8iokCzgTMNdMcrnIJJI05XMab92X/8itIxTLxWd/kEKYkEWzFKNGuFB21fgQCrmmWpkQsTbCW7mNNkBK9poSbcxuZQMNWm6 phbacJLx3+FV41SngMCRMmcQCQr9x/NWFBQz9QmtCNBL5nLGFlrTm1fnDN9HrtUBx2yjKtpmep61PXDzq7wf+torOPla2dygIPJrANa4uEs0TA0nZ8Fy+DZRYzt+LWmtpyNPKDLOeF8mmEQ2sqJ02wsqa2FuEa3W8wx8dNqgRdSGH6Wz9gwt+qY3cjcFq/7Dijr3dOT3+nnZpXrRavjJYF2D21PnbU7Q0HeDydjt/4LpmcYDwqkxM8nWAfD4ZV9NA+ZlH3m9uEFikITTlRaoGHuQ4NkZpRDk69UJC7c5MEFi4VJAUVmuoRNpqGpErdpPEfxdJsswiFeze3lPVqGhom8kKDoE34yr17BvJ2udTNS5ulj4rpSlRmqrxBvaj/7+RiNMDuMJ9GvbPZ/hoH6Dl6gfoIo7foDJ2jGZoj6r3zEi/3vrQ/tDdt2dY7qNfac56hRrTtT6qQQ0M=</latexit><latexit sha1_base64="w+qGUQTQ7IuQaQ6YEiNLhTIck6M=">AAADw3iclVJNj9MwEHVTPpbysV04comohLpIVHVLRfew0iKEtAcORaK7KzVR5LjT1KrjBNthu7L8IznCr8FJG1AWODCXTGbee/Nm5DjnTOnh8HvLa9+5e+/+wYPOw0ePnxx2j55eqKyQFOY045m8iokCzgTMNdMcrnIJJI05XMab92X/8itIxTLxWd/kEKYkEWzFKNGuFB21fgQCrmmWpkQsTbCW7mNNkBK9poSbcxuZQMNWm6 phbacJLx3+FV41SngMCRMmcQCQr9x/NWFBQz9QmtCNBL5nLGFlrTm1fnDN9HrtUBx2yjKtpmep61PXDzq7wf+torOPla2dygIPJrANa4uEs0TA0nZ8Fy+DZRYzt+LWmtpyNPKDLOeF8mmEQ2sqJ02wsqa2FuEa3W8wx8dNqgRdSGH6Wz9gwt+qY3cjcFq/7Dijr3dOT3+nnZpXrRavjJYF2D21PnbU7Q0HeDydjt/4LpmcYDwqkxM8nWAfD4ZV9NA+ZlH3m9uEFikITTlRaoGHuQ4NkZpRDk69UJC7c5MEFi4VJAUVmuoRNpqGpErdpPEfxdJsswiFeze3lPVqGhom8kKDoE34yr17BvJ2udTNS5ulj4rpSlRmqrxBvaj/7+RiNMDuMJ9GvbPZ/hoH6Dl6gfoIo7foDJ2jGZoj6r3zEi/3vrQ/tDdt2dY7qNfac56hRrTtT6qQQ0M=</latexit>



let pickMax = handler 
  choose k1 k2 8> 
    max (k1 ()) (k2 ()) 
  fail 8> -inf

A ! {�, fail} / Esemilattice � A !� /�

A ! {�,beep,fail} / EloudSemilattice

� A ! {beep} / {beep(beep(z))= beep(z)}
<latexit sha1_base64="3dbECLdG7kXiqp+FbEyqGwvv9fI="></latexit><latexit sha1_base64="3dbECLdG7kXiqp+FbEyqGwvv9fI="></latexit><latexit sha1_base64="3dbECLdG7kXiqp+FbEyqGwvv9fI="></latexit><latexit sha1_base64="3dbECLdG7kXiqp+FbEyqGwvv9fI="></latexit>



myQuery : A � B !�SQL /�

queryBraga : B !�SQL / ESQL � B !� /�

optimizeSQL : B !�SQL /�� B !�SQL / ESQL
<latexit sha1_base64="yhUfYPeJeh66tYaI3Xm0n8snDEA="></latexit><latexit sha1_base64="yhUfYPeJeh66tYaI3Xm0n8snDEA="></latexit><latexit sha1_base64="yhUfYPeJeh66tYaI3Xm0n8snDEA="></latexit><latexit sha1_base64="yhUfYPeJeh66tYaI3Xm0n8snDEA="></latexit>



myQuery : A � B !�SQL /�

queryBraga : B !�SQL / ESQL � B !� /�

optimizeSQL : B !�SQL /�� B !�SQL / ESQL
<latexit sha1_base64="yhUfYPeJeh66tYaI3Xm0n8snDEA="></latexit><latexit sha1_base64="yhUfYPeJeh66tYaI3Xm0n8snDEA="></latexit><latexit sha1_base64="yhUfYPeJeh66tYaI3Xm0n8snDEA="></latexit><latexit sha1_base64="yhUfYPeJeh66tYaI3Xm0n8snDEA="></latexit>



swap def= handler {k1 �k2 �� k2 �k1}

swap : A !� / E � A !� / E
for all E � Esemilattice

<latexit sha1_base64="0g63clszLlO6WdQQUk5CUCy+vG8=">AAAC/nichVJNbxMxEPUuXyV8NAVx4mKRHhCHKE6JSJGQigCJY0CkrRRHK68z2Vjxel3bS1uZlfgtHLgA4srf4Mi/wZukSAlCzOnpzZvnmbebaims63R+RfGly1euXtu63rhx89bt7ebOnUNblIbDkBeyMMcpsyCFgqETTsKxNsDyVMJROn9R94/eg7GiUO/cuYZxzjIlpoIzF6hkJ7pHU8iE8hlzMzCPqgbNAzK5t6dMV5hax/ jcgPTUwZnzE5hWlX8WGjOmJhKMp36eEEwLLUuL50kXBwNtXbHEFzShVZihI9Luwdl445Gn+DmmKVMZpi9BOoapAauBO0zh5BWmb0U2c8yY4vQ/QtpYbjktDGZS4t0lbcvUgoOThSpZXWIhF5I5JzhU1W64G9TkTwpJs9Vpk71+f+8xDqC3T0i3Bvuk3yOYtDuLaqFVDZLmTzopeJmDclwya0eko93YMxP8JQT30oIOSbIMRgEqloMd+8X3W2t6llt7nqd/kXVg6ySUnMkNZzftj71QunSg+Lp8Gn4ZAWaTrn11vWa9x2IyUNwUts7g4lD8b3DYbZMQzJtu62CwSmML3UcP0ENE0BN0gF6jARoiHn2IPkVfoq/xx/hz/C3+vpTG0WrmLlqr+MdvjPj3Jw==</latexit><latexit sha1_base64="0g63clszLlO6WdQQUk5CUCy+vG8=">AAAC/nichVJNbxMxEPUuXyV8NAVx4mKRHhCHKE6JSJGQigCJY0CkrRRHK68z2Vjxel3bS1uZlfgtHLgA4srf4Mi/wZukSAlCzOnpzZvnmbebaims63R+RfGly1euXtu63rhx89bt7ebOnUNblIbDkBeyMMcpsyCFgqETTsKxNsDyVMJROn9R94/eg7GiUO/cuYZxzjIlpoIzF6hkJ7pHU8iE8hlzMzCPqgbNAzK5t6dMV5hax/ jcgPTUwZnzE5hWlX8WGjOmJhKMp36eEEwLLUuL50kXBwNtXbHEFzShVZihI9Luwdl445Gn+DmmKVMZpi9BOoapAauBO0zh5BWmb0U2c8yY4vQ/QtpYbjktDGZS4t0lbcvUgoOThSpZXWIhF5I5JzhU1W64G9TkTwpJs9Vpk71+f+8xDqC3T0i3Bvuk3yOYtDuLaqFVDZLmTzopeJmDclwya0eko93YMxP8JQT30oIOSbIMRgEqloMd+8X3W2t6llt7nqd/kXVg6ySUnMkNZzftj71QunSg+Lp8Gn4ZAWaTrn11vWa9x2IyUNwUts7g4lD8b3DYbZMQzJtu62CwSmML3UcP0ENE0BN0gF6jARoiHn2IPkVfoq/xx/hz/C3+vpTG0WrmLlqr+MdvjPj3Jw==</latexit><latexit sha1_base64="0g63clszLlO6WdQQUk5CUCy+vG8=">AAAC/nichVJNbxMxEPUuXyV8NAVx4mKRHhCHKE6JSJGQigCJY0CkrRRHK68z2Vjxel3bS1uZlfgtHLgA4srf4Mi/wZukSAlCzOnpzZvnmbebaims63R+RfGly1euXtu63rhx89bt7ebOnUNblIbDkBeyMMcpsyCFgqETTsKxNsDyVMJROn9R94/eg7GiUO/cuYZxzjIlpoIzF6hkJ7pHU8iE8hlzMzCPqgbNAzK5t6dMV5hax/ jcgPTUwZnzE5hWlX8WGjOmJhKMp36eEEwLLUuL50kXBwNtXbHEFzShVZihI9Luwdl445Gn+DmmKVMZpi9BOoapAauBO0zh5BWmb0U2c8yY4vQ/QtpYbjktDGZS4t0lbcvUgoOThSpZXWIhF5I5JzhU1W64G9TkTwpJs9Vpk71+f+8xDqC3T0i3Bvuk3yOYtDuLaqFVDZLmTzopeJmDclwya0eko93YMxP8JQT30oIOSbIMRgEqloMd+8X3W2t6llt7nqd/kXVg6ySUnMkNZzftj71QunSg+Lp8Gn4ZAWaTrn11vWa9x2IyUNwUts7g4lD8b3DYbZMQzJtu62CwSmML3UcP0ENE0BN0gF6jARoiHn2IPkVfoq/xx/hz/C3+vpTG0WrmLlqr+MdvjPj3Jw==</latexit><latexit sha1_base64="0g63clszLlO6WdQQUk5CUCy+vG8=">AAAC/nichVJNbxMxEPUuXyV8NAVx4mKRHhCHKE6JSJGQigCJY0CkrRRHK68z2Vjxel3bS1uZlfgtHLgA4srf4Mi/wZukSAlCzOnpzZvnmbebaims63R+RfGly1euXtu63rhx89bt7ebOnUNblIbDkBeyMMcpsyCFgqETTsKxNsDyVMJROn9R94/eg7GiUO/cuYZxzjIlpoIzF6hkJ7pHU8iE8hlzMzCPqgbNAzK5t6dMV5hax/ jcgPTUwZnzE5hWlX8WGjOmJhKMp36eEEwLLUuL50kXBwNtXbHEFzShVZihI9Luwdl445Gn+DmmKVMZpi9BOoapAauBO0zh5BWmb0U2c8yY4vQ/QtpYbjktDGZS4t0lbcvUgoOThSpZXWIhF5I5JzhU1W64G9TkTwpJs9Vpk71+f+8xDqC3T0i3Bvuk3yOYtDuLaqFVDZLmTzopeJmDclwya0eko93YMxP8JQT30oIOSbIMRgEqloMd+8X3W2t6llt7nqd/kXVg6ySUnMkNZzftj71QunSg+Lp8Gn4ZAWaTrn11vWa9x2IyUNwUts7g4lD8b3DYbZMQzJtu62CwSmML3UcP0ENE0BN0gF6jARoiHn2IPkVfoq/xx/hz/C3+vpTG0WrmLlqr+MdvjPj3Jw==</latexit>



FUTURE WORK

usual suspects 
•semantics 
•safety 
•soundness

useful implementation 
•QuickCheck / QuickSpec 
•compiler optimizations

powerful logic 
•extended reasoning 
•more powerful specification


