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Abstract

Algebraic effects are computational effects that can be described with a set of basic operations andequations between them. As many interesting effect handlers do not respect these equations, mostapproaches assume a trivial theory, sacrificing both reasoning power and safety.We present an alternative approach where the type system tracks equations that are observedin subparts of the program, yielding a sound and flexible logic, and paving a way for practicaloptimizations and reasoning tools.

Algebraic effects are computational effects that can be described by a signature of primitiveoperations and a collection of equations between them (Plotkin & Power, 2001; Plotkin &Power, 2003), while algebraic effect handlers are a generalization of exception handlersto arbitrary algebraic effects (Plotkin & Pretnar, 2009; Plotkin & Pretnar, 2013). Eventhough the early work considered only handlers that respect equations of the effect theory, aconsiderable amount of useful handlers did not, and the restriction was dropped in most —though not all (Ahman, 2018) — of the later work on handlers (Kammar et al., 2013; Bauer& Pretnar, 2015; Leijen, 2017; Biernacki et al., 2018), resulting in a weaker reasoning logicand imprecise specifications.
Our aim is to rectify this by reintroducing effect theories into the type system, trackingequations observed in parts of a program. On one hand, the induced logic allows us torewrite computations into equivalent ones with respect to the effect theory, while on theother hand, the type system enforces that handlers preserve equivalences, further specifyingtheir behaviour. After an informal overview in Section 1, we proceed as follows:
• The syntax of the working language, its operational semantics, and the typing rulesare given in Section 2.
• Determining if a handler respects an effect theory is in general undecidable (Plotkin& Pretnar, 2013), so there is no canonical way of defining such a judgement. There-fore, the typing rules are given parametric to a reasoning logic, and in Section 3, wepresent some of the more interesting choices.
• Since the definition of typing judgements is intertwined with a reasoning logic, wemust be careful when defining the denotation of types and terms. Thus, in Section 4,we first introduce a set-based denotational semantics that disregards effect theoriesand prove the expected meta-theoretic properties.

⇤ This material is based upon work supported by the Air Force Office of Scientific Research underaward number FA9550-17-1-0326.



PART I 

ALGEBRAIC EFFECTS



every computation 
either 

returns a value 
or 

calls an operation



let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

7
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beep

beep beep

choose

choose

fail



� : 2 beep: 1 fail : 0
<latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit>

signature

z� z = z
z1 � z2 = z2 � z1

(z1 � z2)� z3 = z1 � (z2 � z3)
beep(z1)�beep(z2)= beep(z1 � z2)

fail()� fail()= fail()
<latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit><latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit><latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit><latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit>



� : 2 beep: 1 fail : 0
<latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit>

effect theory

z� z = z
z1 � z2 = z2 � z1

(z1 � z2)� z3 = z1 � (z2 � z3)
beep(z1)�beep(z2)= beep(z1 � z2)

fail()� fail()= fail()
<latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit><latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit><latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit><latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit>



signature

effect theory

� ::= {op1 : k1, . . . ,opn : kn}
<latexit sha1_base64="OZYT0bvqZsXNkYcqYPSyH/g0Prw=">AAACAHicdZDNSsNAFIUn9a/Wv6hLN8FuXEjJ9AfTglBw47KirYWmhMl4W4fOTEJmIpTQjQ/hM7gTl4pbfQffxjTWRRTPZg7fPXPhXD/kTGnb/jQKS8srq2vF9dLG5tb2jrm711NBHFHo0oAHUd8nCjiT0NVMc+iHERDhc7j2J2fz+fUdRIoF8kpPQxgKMpZsxCjRKfJM271kY0GsVuvUchXoxA1CD1sta+LhY8u9CbRKn5TJjMmZZ5btCq45Tq1upabRxLg6N03sNLCFK3amMlqo45kv6RYaC5CacqLUANuhHiYk0oxymJXcWEFI6ISMYZBaSQSoYZI1yw0TIpSaCv8PFETf5iHElPBfm/XIGSZMhrEGSfPxUXpMBlGGs0QiCI0CNe/6U8j63/SqFZwe4KJebncWrYvoAB2iI4TRCWqjc9RBXUTRA3pD7+jDuDcejSfj+TtaMBZ/9lFOxusX1iqXHQ==</latexit><latexit sha1_base64="OZYT0bvqZsXNkYcqYPSyH/g0Prw=">AAACAHicdZDNSsNAFIUn9a/Wv6hLN8FuXEjJ9AfTglBw47KirYWmhMl4W4fOTEJmIpTQjQ/hM7gTl4pbfQffxjTWRRTPZg7fPXPhXD/kTGnb/jQKS8srq2vF9dLG5tb2jrm711NBHFHo0oAHUd8nCjiT0NVMc+iHERDhc7j2J2fz+fUdRIoF8kpPQxgKMpZsxCjRKfJM271kY0GsVuvUchXoxA1CD1sta+LhY8u9CbRKn5TJjMmZZ5btCq45Tq1upabRxLg6N03sNLCFK3amMlqo45kv6RYaC5CacqLUANuhHiYk0oxymJXcWEFI6ISMYZBaSQSoYZI1yw0TIpSaCv8PFETf5iHElPBfm/XIGSZMhrEGSfPxUXpMBlGGs0QiCI0CNe/6U8j63/SqFZwe4KJebncWrYvoAB2iI4TRCWqjc9RBXUTRA3pD7+jDuDcejSfj+TtaMBZ/9lFOxusX1iqXHQ==</latexit><latexit sha1_base64="OZYT0bvqZsXNkYcqYPSyH/g0Prw=">AAACAHicdZDNSsNAFIUn9a/Wv6hLN8FuXEjJ9AfTglBw47KirYWmhMl4W4fOTEJmIpTQjQ/hM7gTl4pbfQffxjTWRRTPZg7fPXPhXD/kTGnb/jQKS8srq2vF9dLG5tb2jrm711NBHFHo0oAHUd8nCjiT0NVMc+iHERDhc7j2J2fz+fUdRIoF8kpPQxgKMpZsxCjRKfJM271kY0GsVuvUchXoxA1CD1sta+LhY8u9CbRKn5TJjMmZZ5btCq45Tq1upabRxLg6N03sNLCFK3amMlqo45kv6RYaC5CacqLUANuhHiYk0oxymJXcWEFI6ISMYZBaSQSoYZI1yw0TIpSaCv8PFETf5iHElPBfm/XIGSZMhrEGSfPxUXpMBlGGs0QiCI0CNe/6U8j63/SqFZwe4KJebncWrYvoAB2iI4TRCWqjc9RBXUTRA3pD7+jDuDcejSfj+TtaMBZ/9lFOxusX1iqXHQ==</latexit><latexit sha1_base64="OZYT0bvqZsXNkYcqYPSyH/g0Prw=">AAACAHicdZDNSsNAFIUn9a/Wv6hLN8FuXEjJ9AfTglBw47KirYWmhMl4W4fOTEJmIpTQjQ/hM7gTl4pbfQffxjTWRRTPZg7fPXPhXD/kTGnb/jQKS8srq2vF9dLG5tb2jrm711NBHFHo0oAHUd8nCjiT0NVMc+iHERDhc7j2J2fz+fUdRIoF8kpPQxgKMpZsxCjRKfJM271kY0GsVuvUchXoxA1CD1sta+LhY8u9CbRKn5TJjMmZZ5btCq45Tq1upabRxLg6N03sNLCFK3amMlqo45kv6RYaC5CacqLUANuhHiYk0oxymJXcWEFI6ISMYZBaSQSoYZI1yw0TIpSaCv8PFETf5iHElPBfm/XIGSZMhrEGSfPxUXpMBlGGs0QiCI0CNe/6U8j63/SqFZwe4KJebncWrYvoAB2iI4TRCWqjc9RBXUTRA3pD7+jDuDcejSfj+TtaMBZ/9lFOxusX1iqXHQ==</latexit>

T ::= z | op(T1, . . . ,Tn)
E ::=

�
T1 =T�

1, . . . , Tn =T�
n
�

<latexit sha1_base64="m1VUvSPZfXCQ8aEDrheZQJrX6x8="></latexit><latexit sha1_base64="m1VUvSPZfXCQ8aEDrheZQJrX6x8="></latexit><latexit sha1_base64="m1VUvSPZfXCQ8aEDrheZQJrX6x8="></latexit><latexit sha1_base64="m1VUvSPZfXCQ8aEDrheZQJrX6x8="></latexit>



� ::= {opi : ki}i
<latexit sha1_base64="/zYl4YPeYfur9PSphVlMy8Cvp58=">AAAB7nicdVBLS8NAGNzUV62vqEdBgr14Ktk+MC0IBS8eK9oHNCVs1q916W6yZDdCCb35G7yJV/GqF3+K/8Y01kMU5zTMzPfBjC85U9q2P43Cyura+kZxs7S1vbO7Z+4f9FQYRxS6NORhNPCJAs4C6GqmOQxkBET4HPr+9GLh9+8hUiwMbvRMwkiQScDGjBKdSp557F6ziSBWq3VuuQp04obSY1bLmnps7jHPLNsVXHOcWt1KSaOJcXVBmthpYAtX7AxltETHMz/c25DGAgJNOVFqiG2pRwmJNKMc5iU3ViAJnZIJDFMaEAFqlGQ9cmZChFIz4f8RBdF3eRFiSvivz3rsjBIWyFhDQPPxcTodgyiTs0QiCI1CNU+7/hSy/ie9agWnA1zVy+3OsnURHaETdIowOkNtdIk6qIsoekCv6A29G9J4NJ6M5+9owVjeHKIcjJcvA8CROQ==</latexit><latexit sha1_base64="/zYl4YPeYfur9PSphVlMy8Cvp58=">AAAB7nicdVBLS8NAGNzUV62vqEdBgr14Ktk+MC0IBS8eK9oHNCVs1q916W6yZDdCCb35G7yJV/GqF3+K/8Y01kMU5zTMzPfBjC85U9q2P43Cyura+kZxs7S1vbO7Z+4f9FQYRxS6NORhNPCJAs4C6GqmOQxkBET4HPr+9GLh9+8hUiwMbvRMwkiQScDGjBKdSp557F6ziSBWq3VuuQp04obSY1bLmnps7jHPLNsVXHOcWt1KSaOJcXVBmthpYAtX7AxltETHMz/c25DGAgJNOVFqiG2pRwmJNKMc5iU3ViAJnZIJDFMaEAFqlGQ9cmZChFIz4f8RBdF3eRFiSvivz3rsjBIWyFhDQPPxcTodgyiTs0QiCI1CNU+7/hSy/ie9agWnA1zVy+3OsnURHaETdIowOkNtdIk6qIsoekCv6A29G9J4NJ6M5+9owVjeHKIcjJcvA8CROQ==</latexit><latexit sha1_base64="/zYl4YPeYfur9PSphVlMy8Cvp58=">AAAB7nicdVBLS8NAGNzUV62vqEdBgr14Ktk+MC0IBS8eK9oHNCVs1q916W6yZDdCCb35G7yJV/GqF3+K/8Y01kMU5zTMzPfBjC85U9q2P43Cyura+kZxs7S1vbO7Z+4f9FQYRxS6NORhNPCJAs4C6GqmOQxkBET4HPr+9GLh9+8hUiwMbvRMwkiQScDGjBKdSp557F6ziSBWq3VuuQp04obSY1bLmnps7jHPLNsVXHOcWt1KSaOJcXVBmthpYAtX7AxltETHMz/c25DGAgJNOVFqiG2pRwmJNKMc5iU3ViAJnZIJDFMaEAFqlGQ9cmZChFIz4f8RBdF3eRFiSvivz3rsjBIWyFhDQPPxcTodgyiTs0QiCI1CNU+7/hSy/ie9agWnA1zVy+3OsnURHaETdIowOkNtdIk6qIsoekCv6A29G9J4NJ6M5+9owVjeHKIcjJcvA8CROQ==</latexit><latexit sha1_base64="/zYl4YPeYfur9PSphVlMy8Cvp58=">AAAB7nicdVBLS8NAGNzUV62vqEdBgr14Ktk+MC0IBS8eK9oHNCVs1q916W6yZDdCCb35G7yJV/GqF3+K/8Y01kMU5zTMzPfBjC85U9q2P43Cyura+kZxs7S1vbO7Z+4f9FQYRxS6NORhNPCJAs4C6GqmOQxkBET4HPr+9GLh9+8hUiwMbvRMwkiQScDGjBKdSp557F6ziSBWq3VuuQp04obSY1bLmnps7jHPLNsVXHOcWt1KSaOJcXVBmthpYAtX7AxltETHMz/c25DGAgJNOVFqiG2pRwmJNKMc5iU3ViAJnZIJDFMaEAFqlGQ9cmZChFIz4f8RBdF3eRFiSvivz3rsjBIWyFhDQPPxcTodgyiTs0QiCI1CNU+7/hSy/ie9agWnA1zVy+3OsnURHaETdIowOkNtdIk6qIsoekCv6A29G9J4NJ6M5+9owVjeHKIcjJcvA8CROQ==</latexit>

T ::= z | op(Ti)i

E ::=
�
Ti =T�

i
�

i
<latexit sha1_base64="ezpZVPpmwpzFHaQBUTHKFMrG9Zw="></latexit><latexit sha1_base64="ezpZVPpmwpzFHaQBUTHKFMrG9Zw="></latexit><latexit sha1_base64="ezpZVPpmwpzFHaQBUTHKFMrG9Zw="></latexit><latexit sha1_base64="ezpZVPpmwpzFHaQBUTHKFMrG9Zw="></latexit>

signature

effect theory



v ::= x | ( ) | fun x �� c
c ::= ret v |do x� c1 in c2 | v1 v2 |

op(ci)i
<latexit sha1_base64="s18FNA0ECqbiRCenWx/vib9KHqA="></latexit><latexit sha1_base64="s18FNA0ECqbiRCenWx/vib9KHqA="></latexit><latexit sha1_base64="s18FNA0ECqbiRCenWx/vib9KHqA="></latexit><latexit sha1_base64="s18FNA0ECqbiRCenWx/vib9KHqA="></latexit>

computations

values

A ::= unit | A ! C
C ::= A!{opi :ki}

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



v ::= x | ( ) | fun x �� c
c ::= ret v |do x� c1 in c2 | v1 v2 |

op(ci)i
<latexit sha1_base64="s18FNA0ECqbiRCenWx/vib9KHqA="></latexit><latexit sha1_base64="s18FNA0ECqbiRCenWx/vib9KHqA="></latexit><latexit sha1_base64="s18FNA0ECqbiRCenWx/vib9KHqA="></latexit><latexit sha1_base64="s18FNA0ECqbiRCenWx/vib9KHqA="></latexit>

computation types

value types

A ::= unit | A ! C
C ::= A!{opi :ki}

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



computation typing

value typing

x1 : A1, . . . ,xn : An � v : A

x1 : A1, . . . ,xn : An � c : C
<latexit sha1_base64="ihOFQ9QdLmHIp1bbnkbth4ICQ3w="></latexit><latexit sha1_base64="ihOFQ9QdLmHIp1bbnkbth4ICQ3w="></latexit><latexit sha1_base64="ihOFQ9QdLmHIp1bbnkbth4ICQ3w="></latexit><latexit sha1_base64="ihOFQ9QdLmHIp1bbnkbth4ICQ3w="></latexit>



(x : A) ��
�� x : A �� ( ) : unit

�,x : A� c : C
�� fun x �� c : A� C

<latexit sha1_base64="x+4gOGLnerocpKZGIma9637PLK0="></latexit><latexit sha1_base64="x+4gOGLnerocpKZGIma9637PLK0="></latexit><latexit sha1_base64="x+4gOGLnerocpKZGIma9637PLK0="></latexit><latexit sha1_base64="x+4gOGLnerocpKZGIma9637PLK0="></latexit>



�� v1 : A� C �� v2 : A
�� v1 v2 : C

�� v : A
�� ret v : A !�

<latexit sha1_base64="YFiqG12IOrYnYLaotx8ZeQj5Ozk="></latexit><latexit sha1_base64="YFiqG12IOrYnYLaotx8ZeQj5Ozk="></latexit><latexit sha1_base64="YFiqG12IOrYnYLaotx8ZeQj5Ozk="></latexit><latexit sha1_base64="YFiqG12IOrYnYLaotx8ZeQj5Ozk="></latexit>

ß
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



�� c1 : A !� �,x : A� c2 : B !�

��do x� c1 in c2 : B !�
�
�� ci : A !�

�
i op ��

�� op(ci)i : A !�
<latexit sha1_base64="zayYCFt5SerBXPP32LONwSRH8aY="></latexit><latexit sha1_base64="zayYCFt5SerBXPP32LONwSRH8aY="></latexit><latexit sha1_base64="zayYCFt5SerBXPP32LONwSRH8aY="></latexit><latexit sha1_base64="zayYCFt5SerBXPP32LONwSRH8aY="></latexit>

ß
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ß
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ß
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ß
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ß
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

opi :ki 2ß
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



�� v =A v�

�� c =C c�
<latexit sha1_base64="bBnROcPhsh/9jTG/qn6qYTiYNGU="></latexit><latexit sha1_base64="bBnROcPhsh/9jTG/qn6qYTiYNGU="></latexit><latexit sha1_base64="bBnROcPhsh/9jTG/qn6qYTiYNGU="></latexit><latexit sha1_base64="bBnROcPhsh/9jTG/qn6qYTiYNGU="></latexit>



x =unit ( )
(fun x �� c)v =C c[v/x]

fun x �� vx =A�C v
<latexit sha1_base64="tgpqOVNBXW3ZeIL8vHdYTiOeyqI="></latexit><latexit sha1_base64="tgpqOVNBXW3ZeIL8vHdYTiOeyqI="></latexit><latexit sha1_base64="tgpqOVNBXW3ZeIL8vHdYTiOeyqI="></latexit><latexit sha1_base64="tgpqOVNBXW3ZeIL8vHdYTiOeyqI="></latexit>



do x� ret v in c =C c[v/x]

do x� op(ci)i in c
=C

op(do x� ci in c)i
<latexit sha1_base64="FGdCpNfIF9oXBNg4C/x4mNUS4LQ="></latexit><latexit sha1_base64="FGdCpNfIF9oXBNg4C/x4mNUS4LQ="></latexit><latexit sha1_base64="FGdCpNfIF9oXBNg4C/x4mNUS4LQ="></latexit><latexit sha1_base64="FGdCpNfIF9oXBNg4C/x4mNUS4LQ="></latexit>



standard congruence equations

(T =T�) � Eglobal
�
ci : C

�
i

T[ci/zi]i =C T�[ci/zi]i
<latexit sha1_base64="Rw6FaidAxeA3d5QZbg0AxZyxx08="></latexit><latexit sha1_base64="Rw6FaidAxeA3d5QZbg0AxZyxx08="></latexit><latexit sha1_base64="Rw6FaidAxeA3d5QZbg0AxZyxx08="></latexit><latexit sha1_base64="Rw6FaidAxeA3d5QZbg0AxZyxx08="></latexit>



every computation 
either 

returns a value 
or 

calls an operation



�v : A.�(ret v)

�
�ci : A !�.

�

i
�(ci)��(op(ci)i]op��

�c : A !�.�(c)
<latexit sha1_base64="DHipj3R5rv0xTOtbufE2Ao0FGZs="></latexit><latexit sha1_base64="DHipj3R5rv0xTOtbufE2Ao0FGZs="></latexit><latexit sha1_base64="DHipj3R5rv0xTOtbufE2Ao0FGZs="></latexit><latexit sha1_base64="DHipj3R5rv0xTOtbufE2Ao0FGZs="></latexit>

ß
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

opi :ki 2ß
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ß
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



do x� c in ret x ?= c

do x1 � c1 in (do x2 � c2 in c)
?=

do x2 � (do x1 � c1 in c2) in c
<latexit sha1_base64="wYFaUWrSMPRweYXXcT4nxpjsFZI="></latexit><latexit sha1_base64="wYFaUWrSMPRweYXXcT4nxpjsFZI="></latexit><latexit sha1_base64="wYFaUWrSMPRweYXXcT4nxpjsFZI="></latexit><latexit sha1_base64="wYFaUWrSMPRweYXXcT4nxpjsFZI="></latexit>



for �= {� : 2,beep: 1}, we have:

do x� c in (c1 �c2)
=

(do x� c in c1)� (do x� c in c2)

do x� c1 in beep(c2)
=

beep(do x� c1 in c2)

do x1 � c1 in (do x2 � c2 in c)
=

do x2 � c2 in (do x1 � c1 in c)
<latexit sha1_base64="7qNSZIS2uewUn7J1i1lVZeppL0I="></latexit><latexit sha1_base64="7qNSZIS2uewUn7J1i1lVZeppL0I="></latexit><latexit sha1_base64="7qNSZIS2uewUn7J1i1lVZeppL0I="></latexit><latexit sha1_base64="7qNSZIS2uewUn7J1i1lVZeppL0I="></latexit>
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Abstract
We present a general theory of Gifford-style type and effect anno-tations, where effect annotations are sets of effects. Generality isachieved by recourse to the theory of algebraic effects, a develop-ment of Moggi’s monadic theory of computational effects that em-phasises the operations causing the effects at hand and their equa-tional theory. The key observation is that annotation effects can beidentified with operation symbols.

We develop an annotated version of Levy’s Call-by-Push-Valuelanguage with a kind of computations for every effect set; it canbe thought of as a sequential, annotated intermediate language.We develop a range of validated optimisations (i.e., equivalences),generalising many existing ones and adding new ones. We classifythese optimisations as structural, algebraic, or abstract: structuraloptimisations always hold; algebraic ones depend on the effecttheory at hand; and abstract ones depend on the global nature ofthat theory (we give modularly-checkable sufficient conditions fortheir validity).

Categories and Subject Descriptors D.3.4 [Processors]: Compil-ers; Optimization; F.3.1 [Specifying and Verifying and Reasoningabout Programs]: Logics of programs; F.3.2 [Semantics of Pro-gramming Languages]: Algebraic approaches to semantics; Deno-tational semantics; Program analysis; F.3.3 [Studies of ProgramConstructs]: Type structure

General Terms Languages, Theory.

Keywords Call-by-Push-Value, algebraic theory of effects, codetransformations, compiler optimisations, computational effects, de-notational semantics, domain theory, inequational logic, relevantand affine monads, sum and tensor, type and effect systems, uni-versal algebra.

1. Introduction
In Gifford-style type and effect analysis [27], each term of a pro-gramming language is assigned a type and an effect set. The typedescribes the values the term may evaluate to; the effect set de-scribes the effects the term may cause during its computation, suchas memory assignment, exception raising, or I/O.

For example, consider the following term M :

if true then x := 1 else x := deref(y)

[Copyright notice will appear here once ’preprint’ option is removed.]

It has unit type 1 as its sole purpose is to cause side effects;it has effect set {update, lookup}, as it might cause memoryupdates or look-ups. Type and effect systems commonly conveythis information via a type and effect judgement:

x : Loc, y : Loc !M : 1 ! {update, lookup}
The information gathered by such effect analyses can be usedto guarantee implementation correctness1, to prove authenticityproperties [15], to aid resource management [44], or to optimisecode using transformations. We focus on the last of these. As anexample, purely functional code can be executed out of order:

x←M1; y←M2; N = y←M2; x←M1; N
This reordering holds more generally, if the terms M1 and M2 havenon-interfering effects. Such transformations are commonly used inoptimising compilers. They are traditionally called optimisations,even if neither side is always the more optimal.

In a sequence of papers, Benton et al. [4–8] prove soundness ofsuch optimisations for increasingly complex sets of effects. How-ever, any change in the language requires a complete reformulationof its semantics and so of the soundness proofs, even though theessential reasons for the validity of the optimisations remain thesame. Thus, this approach is not robust, as small language changescause global theory changes.
A possible way to obtain robustness is to study effect systemsin general. One would hope for a modular approach, seeking toisolate those parts of the theory that change under small languagechanges, and then recombining them with the unchanging parts.Such a theory may not only be important for compiler optimisationsin big, stable languages. It can also be used for effect-dependentequational reasoning. This use may be especially helpful in thecase of small, domain-specific languages, as optimising compilersare hardly ever designed for them and their diversity necessitatesproceeding modularly.

The only available general work on effect systems seems tobe that of Marino and Millstein [28]. They devise a methodologyto derive type and effect frameworks which they apply to a call-by-value language with recursion and references; however, theirmethodology does not account for effect-dependent optimisations.Fortunately, Wadler and Thiemann [46, 47] had previouslymade an important connection with the monadic approach tocomputational effects. They translated judgements of the formΓ !M : A ! ε in a region analysis calculus to judgements of theform Γ′ !M ′ : TεA in a multi-monadic calculus. They gave thelatter calculus an operational semantics, and conjectured the exis-tence of a corresponding general monadic denotational semanticsin which Tε would denote a monad corresponding to the effects inε, and in which the partial order of effect sets and inclusions would

1 E. Cooper, S. Lindley, P. Wadler, and J. Yallop. Links 0.5, 2009.http://groups.inf.ed.ac.uk/links .

1
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PART II 

EFFECT HANDLERS



let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)
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fail



let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let goLeft = handler 
  choose k1 k2 8> k1 () 
in 
with goLeft handle
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beep beep

choose

choose

fail



let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let goRight = handler 
  choose k1 k2 8> k2 () 
in 
with goRight handle
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3

beep

beep beep

choose

choose

fail



let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let pickMax = handler 
  choose k1 k2 8> 
    max (k1 ()) (k2 ()) 
in 
with pickMax handle

7

beep

beep
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choose

fail 3
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let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let pickMax = handler 
  choose k1 k2 8> 
    max (k1 ()) (k2 ()) 
  fail 8> -inf 
in 
with pickMax handle

7

beep

beep

choose

choose

fail 3

beep

-∞

3
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let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let sumAll = handler 
  choose k1 k2 8> 
    k1 () + k2 () 
  fail 8> 0 
  beep k 8> k () 
in 
with sumAll handle

7
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beep

choose

choose

fail 3

beep

0

3
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let divide m n = 
  beep (); m / n 
in 
let x = choose 42 12 in 
if x > 20 then 
  divide x 6 
else 
  divide x (choose 0 4)

let toList = handler 
  choose k1 k2 8> 
    k1 () ?@ k2 () 
  fail 8> [] 
  beep k 8> k () 
  ret x 8> [x]  
in 
with toList handle

[7]

beep

beep

choose

choose

fail [3]

beep

[ ]

[3]

[3, 7]



values & computations

A ::= ·· · | C1 � C2
C ::= ·· ·

<latexit sha1_base64="wwUv8RRvZZOYWFtatR3Hglt6vlg="></latexit><latexit sha1_base64="wwUv8RRvZZOYWFtatR3Hglt6vlg="></latexit><latexit sha1_base64="wwUv8RRvZZOYWFtatR3Hglt6vlg="></latexit><latexit sha1_base64="wwUv8RRvZZOYWFtatR3Hglt6vlg="></latexit>

v ::= ·· · |handler h
c ::= ·· · |with v handle c
h ::=

�
ret x �� c,

�
op j(ki)i �� c j

�
j
�

<latexit sha1_base64="RuFeZ1m4Ai5cbCcEKNaJ1SHXg1M="></latexit><latexit sha1_base64="RuFeZ1m4Ai5cbCcEKNaJ1SHXg1M="></latexit><latexit sha1_base64="RuFeZ1m4Ai5cbCcEKNaJ1SHXg1M="></latexit><latexit sha1_base64="RuFeZ1m4Ai5cbCcEKNaJ1SHXg1M="></latexit>



handlers

A ::= ·· · | C1 � C2
C ::= ·· ·

<latexit sha1_base64="wwUv8RRvZZOYWFtatR3Hglt6vlg="></latexit><latexit sha1_base64="wwUv8RRvZZOYWFtatR3Hglt6vlg="></latexit><latexit sha1_base64="wwUv8RRvZZOYWFtatR3Hglt6vlg="></latexit><latexit sha1_base64="wwUv8RRvZZOYWFtatR3Hglt6vlg="></latexit>

v ::= ·· · |handler h
c ::= ·· · |with v handle c
h ::=

�
ret x �� c,

�
op j(ki)i �� c j

�
j
�

<latexit sha1_base64="RuFeZ1m4Ai5cbCcEKNaJ1SHXg1M="></latexit><latexit sha1_base64="RuFeZ1m4Ai5cbCcEKNaJ1SHXg1M="></latexit><latexit sha1_base64="RuFeZ1m4Ai5cbCcEKNaJ1SHXg1M="></latexit><latexit sha1_base64="RuFeZ1m4Ai5cbCcEKNaJ1SHXg1M="></latexit>



computation types

value types

A ::= ·· · | C1 � C2
C ::= ·· ·

<latexit sha1_base64="wwUv8RRvZZOYWFtatR3Hglt6vlg="></latexit><latexit sha1_base64="wwUv8RRvZZOYWFtatR3Hglt6vlg="></latexit><latexit sha1_base64="wwUv8RRvZZOYWFtatR3Hglt6vlg="></latexit><latexit sha1_base64="wwUv8RRvZZOYWFtatR3Hglt6vlg="></latexit>

v ::= ·· · |handler h
c ::= ·· · |with v handle c
h ::=

�
ret x �� c,

�
op j(ki)i �� c j

�
j
�

<latexit sha1_base64="RuFeZ1m4Ai5cbCcEKNaJ1SHXg1M="></latexit><latexit sha1_base64="RuFeZ1m4Ai5cbCcEKNaJ1SHXg1M="></latexit><latexit sha1_base64="RuFeZ1m4Ai5cbCcEKNaJ1SHXg1M="></latexit><latexit sha1_base64="RuFeZ1m4Ai5cbCcEKNaJ1SHXg1M="></latexit>



�� v : A

�� c : C

�� h : A !���C
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value & computation typing

handler typing



�� h : A !���C
��handler h : A !�� C

�� v : C1 � C2 �� c : C1

��with v handle c : C2
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ß
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ß
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



�,x : A� c : C�
�, (ki : unit� C)i � c j : C

�
j

�� h : A ! {op j} j��C
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h=
�
ret x �� c,

�
op j(ki)i �� c j

�
j
�
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with h handle (ret v)
=

c[v/x]

with h handle (op j(c
�
i)i)

=
c j[fun ( ) �� (with h handle c�i)/ki]i
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h=handler
�
ret x �� c,

�
op j(ki)i �� c j

�
j
�
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ret 0
=with goLeft handle (ret 0�ret 1)
=with goLeft handle (ret 1�ret 0)
= ret 1

<latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit>



ret 0
=with goLeft handle (ret 0�ret 1)
=with goLeft handle (ret 1�ret 0)
= ret 1
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ret 0
=with goLeft handle (ret 0�ret 1)
=with goLeft handle (ret 1�ret 0)
= ret 1

<latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit>



ret 0
=with goLeft handle (ret 0�ret 1)
=with goLeft handle (ret 1�ret 0)
= ret 1

<latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit>



ret 0
=with goLeft handle (ret 0�ret 1)
=with goLeft handle (ret 1�ret 0)
= ret 1

<latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit><latexit sha1_base64="f3tn9CCCHgMISVgxg6rmUK8Db5Q="></latexit>

😱😱😱



�
Th

1 = Th
2
�
(T1=T2)�Eglobal

h is correct
<latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit><latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit><latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit><latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit>



h=
�
ret x �� c,

�
op j(ki)i �� c j

�
j
�

<latexit sha1_base64="OlyBazWwdhGGIutwXL8bfTaJJ6s="></latexit><latexit sha1_base64="OlyBazWwdhGGIutwXL8bfTaJJ6s="></latexit><latexit sha1_base64="OlyBazWwdhGGIutwXL8bfTaJJ6s="></latexit><latexit sha1_base64="OlyBazWwdhGGIutwXL8bfTaJJ6s="></latexit>

zh
j = f j : unit� C

op j(Ti)h
i = c j[(fun ( ) �� Th

i )/ki]i
<latexit sha1_base64="3NxldobJQk7ahJUxQYFgeP+4eZ8="></latexit><latexit sha1_base64="3NxldobJQk7ahJUxQYFgeP+4eZ8="></latexit><latexit sha1_base64="3NxldobJQk7ahJUxQYFgeP+4eZ8="></latexit><latexit sha1_base64="3NxldobJQk7ahJUxQYFgeP+4eZ8="></latexit>



z� z = z
<latexit sha1_base64="o2odBEawP13kxG3K2BNr2Tamd+4=">AAAB/HicdVDLSsNAFJ3UV62vqEs3wW5EpGRai+lCKLjpsoJ9QBPKZHobByeTkJkIbagf4Te4E7eiS/0L/8Y0ViGKZ3U459zLPdcNOZPKND+0wtLyyupacb20sbm1vaPv7nVlEEcUOjTgQdR3iQTOBHQUUxz6YQTEdzn03JuLud+7hUiyQFypSQiOTzzBxowSlUpD/cR2wWMi8Yi6huh4VpoadhDyWBpT49yYlmwQox9zqJfNCq5ZVu3USEm9gXF1ThrYqmMDV8wMZbRAe6i/2qOAxj4IRTmRcoDNUDkJiRSjHGYlO5YQEnpDPBikVBAfpJNkrXJmQnwpJ777R/TTy/IixJTwX5vV2HISJsJYgaD5+Dh9JIMok7NE4hMaBXLe9buQ8T/pVis4fcBltdxsLVoX0QE6REcIozPURC3URh1E0T16QW/oXbvTHrRH7ekrWtAWM/soB+35E9ZKl2E=</latexit><latexit sha1_base64="o2odBEawP13kxG3K2BNr2Tamd+4=">AAAB/HicdVDLSsNAFJ3UV62vqEs3wW5EpGRai+lCKLjpsoJ9QBPKZHobByeTkJkIbagf4Te4E7eiS/0L/8Y0ViGKZ3U459zLPdcNOZPKND+0wtLyyupacb20sbm1vaPv7nVlEEcUOjTgQdR3iQTOBHQUUxz6YQTEdzn03JuLud+7hUiyQFypSQiOTzzBxowSlUpD/cR2wWMi8Yi6huh4VpoadhDyWBpT49yYlmwQox9zqJfNCq5ZVu3USEm9gXF1ThrYqmMDV8wMZbRAe6i/2qOAxj4IRTmRcoDNUDkJiRSjHGYlO5YQEnpDPBikVBAfpJNkrXJmQnwpJ777R/TTy/IixJTwX5vV2HISJsJYgaD5+Dh9JIMok7NE4hMaBXLe9buQ8T/pVis4fcBltdxsLVoX0QE6REcIozPURC3URh1E0T16QW/oXbvTHrRH7ekrWtAWM/soB+35E9ZKl2E=</latexit><latexit sha1_base64="o2odBEawP13kxG3K2BNr2Tamd+4=">AAAB/HicdVDLSsNAFJ3UV62vqEs3wW5EpGRai+lCKLjpsoJ9QBPKZHobByeTkJkIbagf4Te4E7eiS/0L/8Y0ViGKZ3U459zLPdcNOZPKND+0wtLyyupacb20sbm1vaPv7nVlEEcUOjTgQdR3iQTOBHQUUxz6YQTEdzn03JuLud+7hUiyQFypSQiOTzzBxowSlUpD/cR2wWMi8Yi6huh4VpoadhDyWBpT49yYlmwQox9zqJfNCq5ZVu3USEm9gXF1ThrYqmMDV8wMZbRAe6i/2qOAxj4IRTmRcoDNUDkJiRSjHGYlO5YQEnpDPBikVBAfpJNkrXJmQnwpJ777R/TTy/IixJTwX5vV2HISJsJYgaD5+Dh9JIMok7NE4hMaBXLe9buQ8T/pVis4fcBltdxsLVoX0QE6REcIozPURC3URh1E0T16QW/oXbvTHrRH7ekrWtAWM/soB+35E9ZKl2E=</latexit><latexit sha1_base64="o2odBEawP13kxG3K2BNr2Tamd+4=">AAAB/HicdVDLSsNAFJ3UV62vqEs3wW5EpGRai+lCKLjpsoJ9QBPKZHobByeTkJkIbagf4Te4E7eiS/0L/8Y0ViGKZ3U459zLPdcNOZPKND+0wtLyyupacb20sbm1vaPv7nVlEEcUOjTgQdR3iQTOBHQUUxz6YQTEdzn03JuLud+7hUiyQFypSQiOTzzBxowSlUpD/cR2wWMi8Yi6huh4VpoadhDyWBpT49yYlmwQox9zqJfNCq5ZVu3USEm9gXF1ThrYqmMDV8wMZbRAe6i/2qOAxj4IRTmRcoDNUDkJiRSjHGYlO5YQEnpDPBikVBAfpJNkrXJmQnwpJ777R/TTy/IixJTwX5vV2HISJsJYgaD5+Dh9JIMok7NE4hMaBXLe9buQ8T/pVis4fcBltdxsLVoX0QE6REcIozPURC3URh1E0T16QW/oXbvTHrRH7ekrWtAWM/soB+35E9ZKl2E=</latexit>

z1 � z2
= z2 � z1

<latexit sha1_base64="kGLxsCdizk7JS8plmmMFAd7O8p0=">AAACFXicdVDLSsNAFJ3UV62vqks3wW5EsGRai+1CKIjQZQX7gCaEyfQ2Dk4mITMR29Dv8CP8AhfuxK24VH/G9CVE8azOnHPuZc51As6kMowPLbO0vLK6ll3PbWxube/kd/fa0o9CCi3qcz/sOkQCZwJaiikO3SAE4jkcOs7txcTv3EEomS+u1TAAyyOuYANGiUokO39pOuAyEbtE3UB4PM6NbKybfsAjqY/skm6avRMM99b57LUwcM4E0f+ZsvMFo4jL1Wr5VE9IpYZxaUJquFrBOi4aUxTQHE07/2T2fRp5IBTlRMoeNgJlxSRUjHIY58xIQkDoLXGhl1BBPJBWPK2bMmPiSTn0nD+il/wsLUJECf+1WQ2qVsxEECkQNB0fJBdmEE7laSL2CA19Oem6KKT/T9qlIk4OcFUq1Bvz1ll0gA7REcLoDNVRAzVRC1H0iN7RJ/rSHrRn7UV7nUUz2nxmH6WgvX0DAQOgkQ==</latexit><latexit sha1_base64="kGLxsCdizk7JS8plmmMFAd7O8p0=">AAACFXicdVDLSsNAFJ3UV62vqks3wW5EsGRai+1CKIjQZQX7gCaEyfQ2Dk4mITMR29Dv8CP8AhfuxK24VH/G9CVE8azOnHPuZc51As6kMowPLbO0vLK6ll3PbWxube/kd/fa0o9CCi3qcz/sOkQCZwJaiikO3SAE4jkcOs7txcTv3EEomS+u1TAAyyOuYANGiUokO39pOuAyEbtE3UB4PM6NbKybfsAjqY/skm6avRMM99b57LUwcM4E0f+ZsvMFo4jL1Wr5VE9IpYZxaUJquFrBOi4aUxTQHE07/2T2fRp5IBTlRMoeNgJlxSRUjHIY58xIQkDoLXGhl1BBPJBWPK2bMmPiSTn0nD+il/wsLUJECf+1WQ2qVsxEECkQNB0fJBdmEE7laSL2CA19Oem6KKT/T9qlIk4OcFUq1Bvz1ll0gA7REcLoDNVRAzVRC1H0iN7RJ/rSHrRn7UV7nUUz2nxmH6WgvX0DAQOgkQ==</latexit><latexit sha1_base64="kGLxsCdizk7JS8plmmMFAd7O8p0=">AAACFXicdVDLSsNAFJ3UV62vqks3wW5EsGRai+1CKIjQZQX7gCaEyfQ2Dk4mITMR29Dv8CP8AhfuxK24VH/G9CVE8azOnHPuZc51As6kMowPLbO0vLK6ll3PbWxube/kd/fa0o9CCi3qcz/sOkQCZwJaiikO3SAE4jkcOs7txcTv3EEomS+u1TAAyyOuYANGiUokO39pOuAyEbtE3UB4PM6NbKybfsAjqY/skm6avRMM99b57LUwcM4E0f+ZsvMFo4jL1Wr5VE9IpYZxaUJquFrBOi4aUxTQHE07/2T2fRp5IBTlRMoeNgJlxSRUjHIY58xIQkDoLXGhl1BBPJBWPK2bMmPiSTn0nD+il/wsLUJECf+1WQ2qVsxEECkQNB0fJBdmEE7laSL2CA19Oem6KKT/T9qlIk4OcFUq1Bvz1ll0gA7REcLoDNVRAzVRC1H0iN7RJ/rSHrRn7UV7nUUz2nxmH6WgvX0DAQOgkQ==</latexit><latexit sha1_base64="kGLxsCdizk7JS8plmmMFAd7O8p0=">AAACFXicdVDLSsNAFJ3UV62vqks3wW5EsGRai+1CKIjQZQX7gCaEyfQ2Dk4mITMR29Dv8CP8AhfuxK24VH/G9CVE8azOnHPuZc51As6kMowPLbO0vLK6ll3PbWxube/kd/fa0o9CCi3qcz/sOkQCZwJaiikO3SAE4jkcOs7txcTv3EEomS+u1TAAyyOuYANGiUokO39pOuAyEbtE3UB4PM6NbKybfsAjqY/skm6avRMM99b57LUwcM4E0f+ZsvMFo4jL1Wr5VE9IpYZxaUJquFrBOi4aUxTQHE07/2T2fRp5IBTlRMoeNgJlxSRUjHIY58xIQkDoLXGhl1BBPJBWPK2bMmPiSTn0nD+il/wsLUJECf+1WQ2qVsxEECkQNB0fJBdmEE7laSL2CA19Oem6KKT/T9qlIk4OcFUq1Bvz1ll0gA7REcLoDNVRAzVRC1H0iN7RJ/rSHrRn7UV7nUUz2nxmH6WgvX0DAQOgkQ==</latexit>

(z1 � z2)� z3
= z1 � (z2 � z3)

<latexit sha1_base64="5IJkbXAT/l2ydpWDG4SF9nEtuV8=">AAACL3icdVBNS8NAFNz4WetX1aOXYC9WsGRTi+lBKHjpUcHaQhPCZn2ti5tNyG7ENvRHefQH+BvEi3gVr3o3rVUbxTkN8+Y93owXciaVYTxqM7Nz8wuLuaX88srq2nphY/NcBnFEoUkDHkRtj0jgTEBTMcWhHUZAfI9Dy7s6Hs1b1xBJFogz1Q/B8UlPsC6jRKWSW3BtD3pMJD2iLiHaG+Z3By7W7SDksdQHrln64RXdtjv7GG6cI33KlC6YU6ZS3gZx8X3PLRSNMq5YVuVAT0m1hrE5IjVsVbGOy8YYRTTBiVu4sy8CGvsgFOVEyg42QuUkJFKMchjm7VhCSOgV6UEnpYL4IJ1kXERmmBBfyr7v/RH99LOsCDEl/Ndl1bWchIkwViBo1t5Nu2cQjeWxI/EJjQI5yvoVSP+fnJtlnBZwahbrjUnqHNpGO2gXYXSI6qiBTlATUXSPXtEbetdutQftSXv+tM5ok50tlIH28gFrl6nt</latexit><latexit sha1_base64="5IJkbXAT/l2ydpWDG4SF9nEtuV8=">AAACL3icdVBNS8NAFNz4WetX1aOXYC9WsGRTi+lBKHjpUcHaQhPCZn2ti5tNyG7ENvRHefQH+BvEi3gVr3o3rVUbxTkN8+Y93owXciaVYTxqM7Nz8wuLuaX88srq2nphY/NcBnFEoUkDHkRtj0jgTEBTMcWhHUZAfI9Dy7s6Hs1b1xBJFogz1Q/B8UlPsC6jRKWSW3BtD3pMJD2iLiHaG+Z3By7W7SDksdQHrln64RXdtjv7GG6cI33KlC6YU6ZS3gZx8X3PLRSNMq5YVuVAT0m1hrE5IjVsVbGOy8YYRTTBiVu4sy8CGvsgFOVEyg42QuUkJFKMchjm7VhCSOgV6UEnpYL4IJ1kXERmmBBfyr7v/RH99LOsCDEl/Ndl1bWchIkwViBo1t5Nu2cQjeWxI/EJjQI5yvoVSP+fnJtlnBZwahbrjUnqHNpGO2gXYXSI6qiBTlATUXSPXtEbetdutQftSXv+tM5ok50tlIH28gFrl6nt</latexit><latexit sha1_base64="5IJkbXAT/l2ydpWDG4SF9nEtuV8=">AAACL3icdVBNS8NAFNz4WetX1aOXYC9WsGRTi+lBKHjpUcHaQhPCZn2ti5tNyG7ENvRHefQH+BvEi3gVr3o3rVUbxTkN8+Y93owXciaVYTxqM7Nz8wuLuaX88srq2nphY/NcBnFEoUkDHkRtj0jgTEBTMcWhHUZAfI9Dy7s6Hs1b1xBJFogz1Q/B8UlPsC6jRKWSW3BtD3pMJD2iLiHaG+Z3By7W7SDksdQHrln64RXdtjv7GG6cI33KlC6YU6ZS3gZx8X3PLRSNMq5YVuVAT0m1hrE5IjVsVbGOy8YYRTTBiVu4sy8CGvsgFOVEyg42QuUkJFKMchjm7VhCSOgV6UEnpYL4IJ1kXERmmBBfyr7v/RH99LOsCDEl/Ndl1bWchIkwViBo1t5Nu2cQjeWxI/EJjQI5yvoVSP+fnJtlnBZwahbrjUnqHNpGO2gXYXSI6qiBTlATUXSPXtEbetdutQftSXv+tM5ok50tlIH28gFrl6nt</latexit><latexit sha1_base64="5IJkbXAT/l2ydpWDG4SF9nEtuV8=">AAACL3icdVBNS8NAFNz4WetX1aOXYC9WsGRTi+lBKHjpUcHaQhPCZn2ti5tNyG7ENvRHefQH+BvEi3gVr3o3rVUbxTkN8+Y93owXciaVYTxqM7Nz8wuLuaX88srq2nphY/NcBnFEoUkDHkRtj0jgTEBTMcWhHUZAfI9Dy7s6Hs1b1xBJFogz1Q/B8UlPsC6jRKWSW3BtD3pMJD2iLiHaG+Z3By7W7SDksdQHrln64RXdtjv7GG6cI33KlC6YU6ZS3gZx8X3PLRSNMq5YVuVAT0m1hrE5IjVsVbGOy8YYRTTBiVu4sy8CGvsgFOVEyg42QuUkJFKMchjm7VhCSOgV6UEnpYL4IJ1kXERmmBBfyr7v/RH99LOsCDEl/Ndl1bWchIkwViBo1t5Nu2cQjeWxI/EJjQI5yvoVSP+fnJtlnBZwahbrjUnqHNpGO2gXYXSI6qiBTlATUXSPXtEbetdutQftSXv+tM5ok50tlIH28gFrl6nt</latexit>

beep(z1)�beep(z2)
= beep(z1 � z2)

<latexit sha1_base64="UjX2lj48zgIAKeAZI3DgOK3oYp8=">AAACQnicdVFNSwMxEE38aq1fVY9eFnupgmXTWmwPQsFLjwpWC92lZOO0BpPskmTFuvSHefdH6F/wJl5F3K1VqOKcHu+9ycybBJHgxrruM56bX1hcyuWXCyura+sbxc2tCxPGmkGHhSLU3YAaEFxBx3IroBtpoDIQcBncnGT65S1ow0N1bkcR+JIOFR9wRm1K9YvaC2DIVTKk9hr0/rjgyRRpmQQA0bh83yd7jhdGIjbOb6WaKl7vgMCdf/xHJN9dma/ggbr6GdEvltwKqTUatUMnBfUmIdUMNEmjThxScSdVQtM67RcfvKuQxRKUZYIa0yNuZP2EasuZgHTl2EBE2Q0dQi+FikowfjK5zYyYUGnMSAZ/yGz3WRJiRsWvl+2g4SdcRbEFxWbtg/Q7OOgJPXEkkjIdmizrdyDnf3BRrZD0AGfVUqs9TZ1HO2gXlRFBR6iF2ugUdRBDT+gD53AeP+IX/IrfvqxzeNqzjWYKv38CAGKxsw==</latexit><latexit sha1_base64="UjX2lj48zgIAKeAZI3DgOK3oYp8=">AAACQnicdVFNSwMxEE38aq1fVY9eFnupgmXTWmwPQsFLjwpWC92lZOO0BpPskmTFuvSHefdH6F/wJl5F3K1VqOKcHu+9ycybBJHgxrruM56bX1hcyuWXCyura+sbxc2tCxPGmkGHhSLU3YAaEFxBx3IroBtpoDIQcBncnGT65S1ow0N1bkcR+JIOFR9wRm1K9YvaC2DIVTKk9hr0/rjgyRRpmQQA0bh83yd7jhdGIjbOb6WaKl7vgMCdf/xHJN9dma/ggbr6GdEvltwKqTUatUMnBfUmIdUMNEmjThxScSdVQtM67RcfvKuQxRKUZYIa0yNuZP2EasuZgHTl2EBE2Q0dQi+FikowfjK5zYyYUGnMSAZ/yGz3WRJiRsWvl+2g4SdcRbEFxWbtg/Q7OOgJPXEkkjIdmizrdyDnf3BRrZD0AGfVUqs9TZ1HO2gXlRFBR6iF2ugUdRBDT+gD53AeP+IX/IrfvqxzeNqzjWYKv38CAGKxsw==</latexit><latexit sha1_base64="UjX2lj48zgIAKeAZI3DgOK3oYp8=">AAACQnicdVFNSwMxEE38aq1fVY9eFnupgmXTWmwPQsFLjwpWC92lZOO0BpPskmTFuvSHefdH6F/wJl5F3K1VqOKcHu+9ycybBJHgxrruM56bX1hcyuWXCyura+sbxc2tCxPGmkGHhSLU3YAaEFxBx3IroBtpoDIQcBncnGT65S1ow0N1bkcR+JIOFR9wRm1K9YvaC2DIVTKk9hr0/rjgyRRpmQQA0bh83yd7jhdGIjbOb6WaKl7vgMCdf/xHJN9dma/ggbr6GdEvltwKqTUatUMnBfUmIdUMNEmjThxScSdVQtM67RcfvKuQxRKUZYIa0yNuZP2EasuZgHTl2EBE2Q0dQi+FikowfjK5zYyYUGnMSAZ/yGz3WRJiRsWvl+2g4SdcRbEFxWbtg/Q7OOgJPXEkkjIdmizrdyDnf3BRrZD0AGfVUqs9TZ1HO2gXlRFBR6iF2ugUdRBDT+gD53AeP+IX/IrfvqxzeNqzjWYKv38CAGKxsw==</latexit><latexit sha1_base64="UjX2lj48zgIAKeAZI3DgOK3oYp8=">AAACQnicdVFNSwMxEE38aq1fVY9eFnupgmXTWmwPQsFLjwpWC92lZOO0BpPskmTFuvSHefdH6F/wJl5F3K1VqOKcHu+9ycybBJHgxrruM56bX1hcyuWXCyura+sbxc2tCxPGmkGHhSLU3YAaEFxBx3IroBtpoDIQcBncnGT65S1ow0N1bkcR+JIOFR9wRm1K9YvaC2DIVTKk9hr0/rjgyRRpmQQA0bh83yd7jhdGIjbOb6WaKl7vgMCdf/xHJN9dma/ggbr6GdEvltwKqTUatUMnBfUmIdUMNEmjThxScSdVQtM67RcfvKuQxRKUZYIa0yNuZP2EasuZgHTl2EBE2Q0dQi+FikowfjK5zYyYUGnMSAZ/yGz3WRJiRsWvl+2g4SdcRbEFxWbtg/Q7OOgJPXEkkjIdmizrdyDnf3BRrZD0AGfVUqs9TZ1HO2gXlRFBR6iF2ugUdRBDT+gD53AeP+IX/IrfvqxzeNqzjWYKv38CAGKxsw==</latexit>

fail()� fail()
= fail()

<latexit sha1_base64="3d8Y0Jdha/eN7Cv8wTGMKeaLTm0=">AAACLnicdVC7SgNBFJ2NrxhfUUubxTQqGHYSg0khBGxSRjAPyK5hdnITh8zMLjOzYljyT7b2foNgIbZiqx/gJkYhiqc6nHPu5Z7rh5xp4zhPVmphcWl5Jb2aWVvf2NzKbu80dRApCg0a8EC1faKBMwkNwwyHdqiACJ9Dyx+eT/zWDSjNAnlpRiF4ggwk6zNKTCJ1s1euDwMm4wEx16COxhlXJEyJuE8YHx8c2m4Q8kjbf2S3c4zh1jv77WRckL2fdd1szsnjYrlcPLETUqpgXJiQCi6XsI3zzhQ5NEO9m713ewGNBEhDOdG6g53QeDFRhlEOyXmRhpDQIRlAJ6GSCNBePP3DnBkTofVI+H/EybXzIkSU8F+bTb/sxUyGkQFJ5+P95PUM1FSeJmJBqAr0pOt3Ift/0izkcfKAi0KuWpu1TqM9tI8OEEanqIpqqI4aiKIH9Ibe0Yd1Zz1az9bLVzRlzWZ20Rys10+Lnqvw</latexit><latexit sha1_base64="3d8Y0Jdha/eN7Cv8wTGMKeaLTm0=">AAACLnicdVC7SgNBFJ2NrxhfUUubxTQqGHYSg0khBGxSRjAPyK5hdnITh8zMLjOzYljyT7b2foNgIbZiqx/gJkYhiqc6nHPu5Z7rh5xp4zhPVmphcWl5Jb2aWVvf2NzKbu80dRApCg0a8EC1faKBMwkNwwyHdqiACJ9Dyx+eT/zWDSjNAnlpRiF4ggwk6zNKTCJ1s1euDwMm4wEx16COxhlXJEyJuE8YHx8c2m4Q8kjbf2S3c4zh1jv77WRckL2fdd1szsnjYrlcPLETUqpgXJiQCi6XsI3zzhQ5NEO9m713ewGNBEhDOdG6g53QeDFRhlEOyXmRhpDQIRlAJ6GSCNBePP3DnBkTofVI+H/EybXzIkSU8F+bTb/sxUyGkQFJ5+P95PUM1FSeJmJBqAr0pOt3Ift/0izkcfKAi0KuWpu1TqM9tI8OEEanqIpqqI4aiKIH9Ibe0Yd1Zz1az9bLVzRlzWZ20Rys10+Lnqvw</latexit><latexit sha1_base64="3d8Y0Jdha/eN7Cv8wTGMKeaLTm0=">AAACLnicdVC7SgNBFJ2NrxhfUUubxTQqGHYSg0khBGxSRjAPyK5hdnITh8zMLjOzYljyT7b2foNgIbZiqx/gJkYhiqc6nHPu5Z7rh5xp4zhPVmphcWl5Jb2aWVvf2NzKbu80dRApCg0a8EC1faKBMwkNwwyHdqiACJ9Dyx+eT/zWDSjNAnlpRiF4ggwk6zNKTCJ1s1euDwMm4wEx16COxhlXJEyJuE8YHx8c2m4Q8kjbf2S3c4zh1jv77WRckL2fdd1szsnjYrlcPLETUqpgXJiQCi6XsI3zzhQ5NEO9m713ewGNBEhDOdG6g53QeDFRhlEOyXmRhpDQIRlAJ6GSCNBePP3DnBkTofVI+H/EybXzIkSU8F+bTb/sxUyGkQFJ5+P95PUM1FSeJmJBqAr0pOt3Ift/0izkcfKAi0KuWpu1TqM9tI8OEEanqIpqqI4aiKIH9Ibe0Yd1Zz1az9bLVzRlzWZ20Rys10+Lnqvw</latexit><latexit sha1_base64="3d8Y0Jdha/eN7Cv8wTGMKeaLTm0=">AAACLnicdVC7SgNBFJ2NrxhfUUubxTQqGHYSg0khBGxSRjAPyK5hdnITh8zMLjOzYljyT7b2foNgIbZiqx/gJkYhiqc6nHPu5Z7rh5xp4zhPVmphcWl5Jb2aWVvf2NzKbu80dRApCg0a8EC1faKBMwkNwwyHdqiACJ9Dyx+eT/zWDSjNAnlpRiF4ggwk6zNKTCJ1s1euDwMm4wEx16COxhlXJEyJuE8YHx8c2m4Q8kjbf2S3c4zh1jv77WRckL2fdd1szsnjYrlcPLETUqpgXJiQCi6XsI3zzhQ5NEO9m713ewGNBEhDOdG6g53QeDFRhlEOyXmRhpDQIRlAJ6GSCNBePP3DnBkTofVI+H/EybXzIkSU8F+bTb/sxUyGkQFJ5+P95PUM1FSeJmJBqAr0pOt3Ift/0izkcfKAi0KuWpu1TqM9tI8OEEanqIpqqI4aiKIH9Ibe0Yd1Zz1az9bLVzRlzWZ20Rys10+Lnqvw</latexit>

goLeft 
goRight pickMax sumAll toList toSet

✔ ✔ ✘ ✘ ✔

✘ ✔ ✔ ✘ ✔

✔ ✔ ✔ ✔ ✔

✔ ✔✘ ✔✘ ✔✘ ✔✘

✔ ✔ ✔ ✔ ✔



� : 2 beep: 1 fail : 0
<latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit>

signature

effect theory

z� z = z
z1 � z2 = z2 � z1

(z1 � z2)� z3 = z1 � (z2 � z3)
beep(z1)�beep(z2)= beep(z1 � z2)

fail()� fail()= fail()
<latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit><latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit><latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit><latexit sha1_base64="71o6i0G7fZ7FyILqK2XR5TOdifk="></latexit>



� : 2 beep: 1 fail : 0
<latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit><latexit sha1_base64="r5TDY83GReaFq653bVivu4Np2bk=">AAACHXicdVDLSsNAFJ34rPUVdekm2I2rkukD013BjRuhgn1AE8pkeluHzkzSzEQood/iR7jyA9yJW+lWf8Sk1kIrntXhnHMv91w/5Exp254ZG5tb2zu7ub38/sHh0bF5ctpSQRxRaNKAB1HHJwo4k9DUTHPohBEQ4XNo+6PrzG8/QqRYIO/1JARPkKFkA0aJTqWeeZu4QchjNbXcbJm0Snl3PI5JP+8Koh8ikfgA4dLF6+6AML507Z5ZsIu47DjlipWSag3jUkZq2KliCxftOQpogUbPfHH7AY0FSE05UaqL7VB7CYk0oxymeTdWEBI6IkPoplQSAcpL5rVXzIQIpSbC/yNmZ66KEFPC1zbrgeMlTIaxBklX44P00wyiuTxPJILQKFDTtOtvIet/0ioVcfqAu0qh3li0zqFzdIEuEUZXqI5uUAM1EUXPaIY+0ZfxZLwab8b7T3TDWMycoRUYH9//16UC</latexit>

signature

effect theory



for �= {� : 2,beep: 1}, we have:

do x� c in (c1 �c2)
=

(do x� c in c1)� (do x� c in c2)

do x� c1 in beep(c2)
=

beep(do x� c1 in c2)

do x1 � c1 in (do x2 � c2 in c)
=

do x2 � c2 in (do x1 � c1 in c)
<latexit sha1_base64="7qNSZIS2uewUn7J1i1lVZeppL0I="></latexit><latexit sha1_base64="7qNSZIS2uewUn7J1i1lVZeppL0I="></latexit><latexit sha1_base64="7qNSZIS2uewUn7J1i1lVZeppL0I="></latexit><latexit sha1_base64="7qNSZIS2uewUn7J1i1lVZeppL0I="></latexit>
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Abstract. We present an e↵ect system for core E↵, a simplified variant of E↵ , which isan ML-style programming language with first-class algebraic e↵ects and handlers. We de-fine an expressive e↵ect system and prove safety of operational semantics with respect to it.Then we give a domain-theoretic denotational semantics of core E↵ , using Pitts’s theoryof minimal invariant relations, and prove it adequate. We use this fact to develop toolsfor finding useful contextual equivalences, including an induction principle. To demon-strate their usefulness, we use these tools to derive the usual equations for mutable state,including a general commutativity law for computations using non-interfering references.We have formalized the e↵ect system, the operational semantics, and the safety theoremin Twelf.

1. Introduction
An e↵ect system supplements a traditional type system for a programming language withinformation about which computational e↵ects may, will, or will not happen when a piece ofcode is executed. A well designed and solidly implemented e↵ect system helps programmersunderstand source code, find mistakes, as well as safely rearrange, optimize, and parallelizecode [11, 8]. As many before us [11, 24, 25, 7] we take on the task of striking just the rightbalance between simplicity and expressiveness by devising an e↵ect system for E↵ [2], anML-style programming language with first-class algebraic e↵ects [17, 15] and handlers [19].Our e↵ect system is descriptive in the sense that it provides information about pos-sible computational e↵ects but it does not prescribe them. In contrast, Haskell’s monadsprescribe the possible e↵ects by wrapping types into computational monads. In the imple-mentation we envision e↵ect inference which never fails, although in some cases it may beuninformative. Of course, typing errors are still errors.

An important feature of our e↵ect system is non-monotonicity : it detects the fact thata handler removes some e↵ects. For instance, a piece of code which uses mutable state isdetermined to actually be pure when wrapped by a handler that handles away lookups andupdates.
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Hmax[c] def= with pickMax handle c

Hmax
�
do x� c in (c1 �c2)

�

=
Hmax

�
(do x� c in c1)� (do x� c in c2)

�

Hmax
�
do x1 � c1 in (do x2 � c2 in c)

�

=
Hmax

�
do x2 � c2 in (do x1 � c1 in c)

�
<latexit sha1_base64="EL98J+NSaPqLUcwKVbp00y5jcOw="></latexit><latexit sha1_base64="EL98J+NSaPqLUcwKVbp00y5jcOw="></latexit><latexit sha1_base64="EL98J+NSaPqLUcwKVbp00y5jcOw="></latexit><latexit sha1_base64="EL98J+NSaPqLUcwKVbp00y5jcOw="></latexit>



Hmax[c] def= with pickMax handle c

Hmax
�
do x� c in (c1 �c2)

�

=
Hmax

�
(do x� c in c1)� (do x� c in c2)

�

Hmax
�
do x1 � c1 in (do x2 � c2 in c)

�

=
Hmax

�
do x2 � c2 in (do x1 � c1 in c)

�
<latexit sha1_base64="EL98J+NSaPqLUcwKVbp00y5jcOw="></latexit><latexit sha1_base64="EL98J+NSaPqLUcwKVbp00y5jcOw="></latexit><latexit sha1_base64="EL98J+NSaPqLUcwKVbp00y5jcOw="></latexit><latexit sha1_base64="EL98J+NSaPqLUcwKVbp00y5jcOw="></latexit>

with sumAll handle c
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Hsum
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Hsum
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Hsum
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Hsum
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Hsum
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



PART III 

LOCAL 
EFFECT THEORIES



A ::= ·· ·
C ::= A !� / E

<latexit sha1_base64="yoow/T3lH6+liz4CNVkLtCRjCLc="></latexit><latexit sha1_base64="yoow/T3lH6+liz4CNVkLtCRjCLc="></latexit><latexit sha1_base64="yoow/T3lH6+liz4CNVkLtCRjCLc="></latexit><latexit sha1_base64="yoow/T3lH6+liz4CNVkLtCRjCLc="></latexit>

ß
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

values & computations

computation types

value types

handlers

v ::= ·· ·
c ::= ·· ·
h ::= ·· ·

<latexit sha1_base64="dKIk6vaN67cn81bB/9GHLpOVZ+c="></latexit><latexit sha1_base64="dKIk6vaN67cn81bB/9GHLpOVZ+c="></latexit><latexit sha1_base64="dKIk6vaN67cn81bB/9GHLpOVZ+c="></latexit><latexit sha1_base64="dKIk6vaN67cn81bB/9GHLpOVZ+c="></latexit>



�
Th

1 = Th
2
�
(T1=T2)�Eglobal

h is correct
<latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit><latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit><latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit><latexit sha1_base64="Frs781OuCAIwLeZNEAJTKCJ5d7s="></latexit>



�
Th

1 = Th
2
�
(T1=T2)�E

h respects E
<latexit sha1_base64="ZPRKUZVvLQ8Q+iQf3pbg3zzrF+0="></latexit><latexit sha1_base64="ZPRKUZVvLQ8Q+iQf3pbg3zzrF+0="></latexit><latexit sha1_base64="ZPRKUZVvLQ8Q+iQf3pbg3zzrF+0="></latexit><latexit sha1_base64="ZPRKUZVvLQ8Q+iQf3pbg3zzrF+0="></latexit>



�� h : A !���C
h respects E

��handler h : A !� / E � C
<latexit sha1_base64="MG4+6Jyodk8UYFy23WsE3r6ibkM="></latexit><latexit sha1_base64="MG4+6Jyodk8UYFy23WsE3r6ibkM="></latexit><latexit sha1_base64="MG4+6Jyodk8UYFy23WsE3r6ibkM="></latexit><latexit sha1_base64="MG4+6Jyodk8UYFy23WsE3r6ibkM="></latexit>
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AN EXAMPLE





for �= {� : 2,beep: 1}, we have:

do x� c in (c1 �c2)
=

(do x� c in c1)� (do x� c in c2)

do x� c1 in beep(c2)
=

beep(do x� c1 in c2)

do x1 � c1 in (do x2 � c2 in c)
=

do x2 � c2 in (do x1 � c1 in c)
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Abstract
We present a general theory of Gifford-style type and effect anno-tations, where effect annotations are sets of effects. Generality isachieved by recourse to the theory of algebraic effects, a develop-ment of Moggi’s monadic theory of computational effects that em-phasises the operations causing the effects at hand and their equa-tional theory. The key observation is that annotation effects can beidentified with operation symbols.

We develop an annotated version of Levy’s Call-by-Push-Valuelanguage with a kind of computations for every effect set; it canbe thought of as a sequential, annotated intermediate language.We develop a range of validated optimisations (i.e., equivalences),generalising many existing ones and adding new ones. We classifythese optimisations as structural, algebraic, or abstract: structuraloptimisations always hold; algebraic ones depend on the effecttheory at hand; and abstract ones depend on the global nature ofthat theory (we give modularly-checkable sufficient conditions fortheir validity).

Categories and Subject Descriptors D.3.4 [Processors]: Compil-ers; Optimization; F.3.1 [Specifying and Verifying and Reasoningabout Programs]: Logics of programs; F.3.2 [Semantics of Pro-gramming Languages]: Algebraic approaches to semantics; Deno-tational semantics; Program analysis; F.3.3 [Studies of ProgramConstructs]: Type structure

General Terms Languages, Theory.

Keywords Call-by-Push-Value, algebraic theory of effects, codetransformations, compiler optimisations, computational effects, de-notational semantics, domain theory, inequational logic, relevantand affine monads, sum and tensor, type and effect systems, uni-versal algebra.

1. Introduction
In Gifford-style type and effect analysis [27], each term of a pro-gramming language is assigned a type and an effect set. The typedescribes the values the term may evaluate to; the effect set de-scribes the effects the term may cause during its computation, suchas memory assignment, exception raising, or I/O.

For example, consider the following term M :

if true then x := 1 else x := deref(y)

[Copyright notice will appear here once ’preprint’ option is removed.]

It has unit type 1 as its sole purpose is to cause side effects;it has effect set {update, lookup}, as it might cause memoryupdates or look-ups. Type and effect systems commonly conveythis information via a type and effect judgement:

x : Loc, y : Loc !M : 1 ! {update, lookup}
The information gathered by such effect analyses can be usedto guarantee implementation correctness1, to prove authenticityproperties [15], to aid resource management [44], or to optimisecode using transformations. We focus on the last of these. As anexample, purely functional code can be executed out of order:

x←M1; y←M2; N = y←M2; x←M1; N
This reordering holds more generally, if the terms M1 and M2 havenon-interfering effects. Such transformations are commonly used inoptimising compilers. They are traditionally called optimisations,even if neither side is always the more optimal.

In a sequence of papers, Benton et al. [4–8] prove soundness ofsuch optimisations for increasingly complex sets of effects. How-ever, any change in the language requires a complete reformulationof its semantics and so of the soundness proofs, even though theessential reasons for the validity of the optimisations remain thesame. Thus, this approach is not robust, as small language changescause global theory changes.
A possible way to obtain robustness is to study effect systemsin general. One would hope for a modular approach, seeking toisolate those parts of the theory that change under small languagechanges, and then recombining them with the unchanging parts.Such a theory may not only be important for compiler optimisationsin big, stable languages. It can also be used for effect-dependentequational reasoning. This use may be especially helpful in thecase of small, domain-specific languages, as optimising compilersare hardly ever designed for them and their diversity necessitatesproceeding modularly.

The only available general work on effect systems seems tobe that of Marino and Millstein [28]. They devise a methodologyto derive type and effect frameworks which they apply to a call-by-value language with recursion and references; however, theirmethodology does not account for effect-dependent optimisations.Fortunately, Wadler and Thiemann [46, 47] had previouslymade an important connection with the monadic approach tocomputational effects. They translated judgements of the formΓ !M : A ! ε in a region analysis calculus to judgements of theform Γ′ !M ′ : TεA in a multi-monadic calculus. They gave thelatter calculus an operational semantics, and conjectured the exis-tence of a corresponding general monadic denotational semanticsin which Tε would denote a monad corresponding to the effects inε, and in which the partial order of effect sets and inclusions would

1 E. Cooper, S. Lindley, P. Wadler, and J. Yallop. Links 0.5, 2009.http://groups.inf.ed.ac.uk/links .
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in the paper 
•general operation signatures 
•denotational semantics 
•parameterized logic 
•soundness theorems

in the next paper 
•QuickCheck-like tool 
•more examples 
•compiler optimizations?

in this talk 
•put effect theories in types 
•use equations to rewrite programs 
•prove handlers respect equations


